
Problem Set 2

Instructor: Prof. Peter Rhines
TA: Jimenez-Urias, Miguel Angel

GFD I: Ocean512/ATM 509

February 3, 2015

Turn in any 4 of the 8 problems, use the rest for study. The last two relate to Gill Ch. 7 and will
be discussed on Tues Jan 27; others will also be discussed in class. Problem 2.2, while long to describe is
actually a short calculation.

1. Suppose the Hadley circulation of the atmosphere to be a symmetrical overturning (uniform east/west
around the globe). If it rises due to heating from cumulus convection near the Equator, flowing
poleward to 20◦N latitude, then sinking and returning equatorward. The upper flow poleward ap-
proximately conserves angular momentum relative to the Earth axis. The lower branch is retarded by
surface friction.

• What is the zonal wind velocity as a function of latitude φ or north-south distant y in the upper
poleward flowing branch, assuming it to be zero at the Equator?
ANSWER:
The angular momentum in a sphere with radius from the rotation axis given by r1 cosφ, where φ
is latitude measured from the equator, is given by the formula

A = r1 (Ωr1 + u)

where u is the zonal velocity and Ω is the angular velocity of Earth. At the equator, we have r1a,
therefore we have the equality from conservation of angular velocity

Ωa2 = r1 (Ωr1 + u)

this, we can solve for u, which is given by

u(φ) = aΩ

(
1

cos (φ)
− cos (φ)

)
= aΩ

sin2 (φ)

cos (φ)

• Even though the vertical component of 2Ω ≡ 2Ω sinφ vanishes at the Equator, it has an effect in
tropical latitudes, where it varies almost linearly with latitude: f ≈ βy where β = df/dy at the
Equator. Qualitatively, how will a free particle skating on a rotating sphere behave if given an
initial velocity near the Equator, subject only to a Coriolis force with east- and north-components
βy(v,−u)? This is analogous to the slab of fluid driven by a constant force with constant f worked
out in class.
ANSWER:
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For this we write the momentum equations in the absence of any external force. Just like we saw in
class

ut = βyv

vt = −βyu

The variation in the local vertical component of the rotation vector gives us this ‘β−effect’. It causes a
spherical planet to have Rossby waves. If you sketch the path of a free particle as viewed in the rotating
system, the inertial oscillations which are dominantly circular motion of the particle, drift westward.
f is bigger, slightly on the poleward part of the path (a) and smaller, slightly, on the equatorward
part (b). The extra force at point a, and diminished force at point b, exerted every cycle, is like our
constant force F0 in the class problem: it drives a westward mean motion.

The second interesting thing is that, near the Equator, free particles follow very strange trajectories.
Again sketching them, a particle moving northeast, when it is north of the Eq., veers south, crossing
the Eq., and then moves southeast. But f is now negative, so the Coriolis force is to the left of the
velocity vector. The particle turns back toward the Eq. and crosses it again. This is a wave-like
motion, and it suggests that with a real fluid on a sphere, something like wavy motions could exist on
an eastward (westerly-) mean flow. An observer moving with the mean flow would see waves whose
phase p!ropagation is westward.

2. The length of the Earth day is observed to have an annual cycle of close to 1 millesecond, peak to
peak (figure below). Considering the effect of the atmospheric circulation only, why do you think this
happens? Assume that the angular momentum of the atmosphere + solid Earth is conserved through
the year.

• Write the integral expression for the atmosphere’s angular momentum about the rotation axis
assuming a zonal wind distribution u(φ, z) and air density ρ(φ, z) where φ is latitude.

Answer:

A(r, φ) =

∫ ∫ ∫
ρur cosφdV

where r is the spherical radius, φ is the latitude, and dV = dr(rdφ)(r cosφdθ), where θ is the
longitude.
Now we make some crude assumptions: suppose the atmosphere rotates with one angular velocity,
like a solid body. Make a rough estimate of the seasonal cycle of zonal winds by conserving angular
momentum L of solid Earth + atmosphere,

LE + LA = IEΩ + IA (Ω + ω)

where Ω is the Earth’s angular velocity and ω is the angular velocity of atmosphere, observed in
the rotating frame of reference. “I” is explained as follows:

A single mass has angular momentum mru = mr2ω, where ω is its angular velocity, u/r. A
rotating, symmetrical solid body has angular momentum that is the integral of this expression
over all the elements of mass dm: (

∫ ∫ ∫
ωr21dm, where r1 is the distance of each mass element

to the Earth axis). Here we take ω to be uniform, the same for all elements of mass, ignoring all
the variation in zonal winds.
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We call I =
∫ ∫ ∫

r21dm the moment of inertia of a rigid body and for a spherical solid Earth of
uniform density it is simply

IE =
2

5
MEa

2,

a is the Earth radius and ME its mass. For an atmosphere, a thin spherical shell, the moment of
inertia is IA = 2/3MAa

2.

• Use expression (1) to estimate the small change δω in the atmospheric angular velocity and hence
zonal wind velocity u = r1ω due to a small change in angular velocity of the solid Earth, δΩ cor-
responding to 1 millisecond change in the length of the day. Again, we are crudely assuming the
atmosphere to be a thin spherical shell of uniform density rotating with uniform angular velocity
ω relative to the solid Earth.
ANSWER:

IEδΩE + IA (δω + δΩ) = 0, ignore 3d term;

−→ dω = −
(
IE
IA

+ 1

)
dΩ ≈ IE

IA
dΩ (1)

Also we have

IE
IA

=
3

5

ME

MA

Putting numbers above, dω = −6.8 × 105dΩ. For an increment of 1 millesecond change in the
length of the day, we have

Ω =
2π

seconds in a day
, so (Ω + dΩ) =

2π

0.864× 105 + 10−3

which implies

dΩ ≈ −2π × 10−3

(0.864× 105)
2 = −8.4× 10−13sec−1

where we used

1

a+ ε
≈ 1

a

(
1− ε

a

)
, for ε << a,

Then the atmospheric angular velocity change is dω = (6.8×105)(8.4×10−13) = 6.57×10−7 sec−1.
Therefore the zonal wind change ranges from zero at the poles to adω = 3.6 m/s at the equator
(with the unrealistic assumption that dω does not vary with r, φ, θ).

• Given the actual variation of winds and air density ρ with latitude and altitude, where do you
think the most important wind changes occur, causing this remarkably precisely known annual
cycle of Ω.
Answer:
Pressure drag in mountain slopes by zonal winds, plus turbulent/frictional drag on the solid earth
and oceans exchanges angular momentum at fairly low latitudes, where the radius r1 is greatest.
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3. Poleward moisture flux. Evaporation at the sea surface removes about 1 m per year as a global average,
which rains out both locally and far away; the evaporation is greatest in the tropics and subtropics.
Using the latent heat values for water (see Gill ξ3.4, eqn 3.4.6),

• How much power in Watts is absorbed to evaporate this much water? Use a sea surface temper-
ature of 25◦C. The poleward heat flux (carried by the MOCs of A and O together) is about 4
petaWatts (4 × 1015 W) at its maximum; how does this compare with the latent heat flux from
the sea surface?
Answer: Considering an area of the earth ≈ 5.1× 1014 m2, we have

(1 m/yr)(5.1× 1014m2)(1× 103 kgm−3)

π × 107
∼ 40 pW,

• What is the mass transport of water vapor in Sverdrups, corresponding to 2 pW of poleward flux
of latent heat? If the total water content in the air is 2.5 cm of liquid water, what would be the
average mass transport poleward of air + water vapor in Sverdrups?
Answer:(
2× 1015 J/sec

) (
1/2.25× 106Jkg−1

)
= 1Sv WV of poleward flux of latent heat. If the total

water content in the air is 2.5cm, we have (1 Sv × 104 kg)/(25kg) ∼ 250 Sv MOC.

• Comment on the relationship between these two numbers (the evaporative energy per sec versus
the poleward flux of heat). Gill gives in Appendix 2 some more useful numbers. A number not
given there is the number of seconds in a year: π×107 very closely! The latent heat of evaporation
of seawater is about 2.5 × 106Jkg−1 . 1 Watt = 1 Jsec−1 . 1 Sverdup of mass transport = 1
megatonne sec−1 = 109kgsec−1

4. The ocean and atmosphere both have meridional overturning circulations (MOCs). The atmosphere
is more energetic, however the ocean can lean on the solid Earth to balance the Coriolis force on its
north- south velocity. This seemingly should make it efficient as transporting heat.

• The MOC of the North Atlantic Ocean transports about 18 Sverdrups of mass. If the potential
temperature upper ocean (moving poleward) averages 20C and θ of the deep ocean (moving
southward) averages 2C, estimate the poleward heat flux in Watts 1pW = 1015W . How does this
compare with the observations that peak at about 1.5 pW at about 20N latitude?
ANSWER: Since Cp = 4000J/kgK, we have the poleward heat flux given by
(4000J/kgK)(109kg/sec) = 1.4pW

• With reference to Gill’s ξ4.8, how is it that the atmospheric MOC involves cold upper tropospheric
air moving poleward and warmer lower atmospheric air moving equatorward: how does this achieve
poleward heat flux (of about 4 pW)? ANSWER:
With compressible air the relevant energy equation involves potential temperature (which increases
upward in the atmosphere) rather than in situ temperature (which usually decreases upward). As
in Gill, this can be seen in the Bernoulli function E + p/ρ + Φ ≈ CpT + gz is the ‘dry static
energy’. The large effect of gz on the steady-flow energy equation overcomes the adiabatic cooling
as a fluid parcel rises.
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5. Forcing a slab of fluid with Coriolis effects and friction.
Consider the inertial oscillation plus mean flow problem done in class (and in the lecture notes). Add
a friction force (−Ru,−Ru) so that the MOM equations are

ut − fv = −Ru
vt + fu = F0 −Rv

w = 0

where R is a constant coefficient of friction and F0 is the constant force driving the flow (maybe a wind
stress if this is an ocean).

• Solve for the steady part of the solution for u,v velocities (the ‘particular’ solution of this inho-
mogeneous equation set).
ASNWER:

For a linear problem, we know that a linear combination of two (independent) solutions is a
solution. Therefore, for this forced problem, we can split our solution into a temporal part
(homogeneous) and a steady (particular, which contains the external forces). This is

u(t) = uH(t) + Up

The steady part of the solution is achieved by setting the time derivatives equal to zero. Whis
this, our ODE turns into the algebraic equation

fVp = RUp

fUP = F0 −RVP

with solutions

UP =
fF0

f2 +R2
, VP =

RF0

f2 +R2

• Then solve the homogeneous equations to give a complete solution for the same initial conditions:
u = 0, v = 0 when t = 0. Sketch the solution and discuss. In solving for the ‘wave’ part you may
want to add the extra boundary condition that u and v are finite (not infinite) as lim t→∞
ANSWER:

The homogeneous solution (uH , vH), as we saw in class, comes from setting the external forcing
in our system equal to zero. Friction, however, should be included. This gives us the coupled
system for the homogeneous solution (I will dismiss the subscript H, but it should be understood
that the below equations describe the evolution of the homogeneous solution)
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ut +Ru− fv = 0

vt +Rv + fu = 0

If we multiply both equations by an exponential factor eRt, we can then make a change of variables
(U = ueRt and V = veRt) and solve for U and V . The resulting system should be a familiar one
from the lecture notes. The solutions in our original variables are

uH(t) = e−Rt (A cos (ft) +B sin (ft))

vH(t) = e−Rt (C cos (ft) +D sin (ft))

It is at this point, that we employ the initial conditions. Our 4 initial conditions for the homoge-
neous solutions are

uH = − fF0

f2 +R2
, ∂t(uH) = 0

vH = − RF0

f2 +R2
, ∂t(vH) = F0

The above initial conditions set the constants to the values: A = −fF0/(f
2+R2), C = −RF0/(f

2+
R2). To get D and A, we have

F0 = −RC + fD, where C =
−RF0

f2 +R2

B =
RA

f
where A = − fF0

f2 +R2
,

Therefore,

D = F0 +
−R2F0

f2 +R2

−→ D =
fF0

f2 +R2

and

B = − RF0

f2 +R2

With our coefficients, we now have the complete homogeneous solution

uH(t) = − fF0

f2 +R2
e−Rt cos (ft)− RF0

f2 +R2
e−Rt sin (ft)

vH(t) = − RF0

f2 +R2
e−Rt cos (ft) +

fF0

f2 +R2
sin (ft)e−Rt

Therefore, the complete solution, homogeneous + particular is

u(t) =
F0

f2 +R2

(
f − e−Rt (f cos (ft) +R sin (ft))

)

v(t) =
F0

f2 +R2

(
R+ e−Rt (f sin (ft)−R cos (ft))

)
It is easy to verify the limits that for t = 0 and t→∞, we recover the initial conditions and our
steady (particular) solution.
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6. Making vortices in a rotating fluid.
In the lab we injected or sucked out (‘dejected’?) fluid with a rubber bulb, to make eddies. Suppose
you introduce fluid steadily from a porous cylindrical boundary at radius r = r0 , uniformly with depth,
and it spreads out 2 dimensionally, symmetrically with radial velocity u(r) and azimuthal (round and
round) velocity v(r). It spins up a vortex due to the presence of background rotation Ω.

• Calculate the azimuthal (round-and-round) velocity as a function of r, assuming the fluid conserves
absolute angular momentum r(v′+Ωr) where v′ is the azimuthal velocity in the rotating reference
frame. The fluid enters from the boundary at r0 with v′ = 0. Is this flow nearly geostrophic?
ANSWER:
v represents the azimuthal velocity viewed by the rotating observer, riding on the Earth, and
vf = v + Ωr, where vf is the azimuthal velocity for a fixed, non-rotating observer. With

r(v + Ωr) = constat

as the fluid moves to a larger radius, and v(r = r0) = 0, we have

v(r) =
Ω
(
r20 − r2

)
r

, where r ≥ r0

v always negative, being clockwise rotation in response to the Coriolis force on the outward mo-
tion. The vorticity ζ = vr + v/r in cylindrical coordinates (since there is no variation of anything
in the azimuthal direction). Combining the equations above, ζ = −2Ω. The vorticity in the
fixed (non-rotating) reference frame is zero. We know that because angular momentum conser-
vation rvf = constant says that the fixed-frame vf varies like a point vortex, 1/r, for which ζf = 0.

The Rossby number, which is an estimate of the ratio of nonlinear acceleration over the Coriolis
force, is never small in this newly injected fluid. Recall that a good estimate is Ro = ζ/2Ω (or
ζ/f if we are using t!hat symbol); ζ is relative vertical vorticity. Here in the rotating frame, Ro
= −1!

• When the flow was started it pushed fluid outward, conserving volume flux (per unit depth) 2πru
what is velocity v′(r, t) of this ‘old’ fluid for the time before the ‘new’ fluid arrives from the source?
ANSWER:

This is a stickier problem. Short answer: just as in question 2.1 we saw that the zonal velocity changes
by an amount 2Ω times the change in r of a ring of fluid. Because the outward radial velocity u(r)
decreases with increasing r, so will the new zonal velocity v(r). Again, sorry about exchanging u and
v r!elative to normal useage.

Solving this for full detail can be difficult. It’s not an extremely important result in practice, but let’s
look at some ways that physical intuition and experience can work wonders in GFD. First, at t = 0,
the ‘old’ fluid is at rest in the rotating system...no velocity hence no relative vorticity: the azimuthal
velocity thus must be

v =
A(t)

r

where A(t) is an unknown (as yet) function of time. There are several ways to find A. The easiest
is just by writing the momentum equation using the incredibly useful expression for the nonlinear
acceleration:
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∂u

∂t
+ (2Ω + ω)× u = −∇B ≡ ∇× u

B =
p

ρ
+

1

2
|u|2 + gz

for constant-density, inviscid fluid. Here the azimuthal component we are interested in is simply the
familiar

∂v

∂t
+ 2Ωu = 0

because the vorticity is zero and the Bernoulli function does not vary in the azimuthal direction. The
solution with radial velocity u(r) independent of time is

v = −ΩtS

πr

where S is the volume flux of the fluid source outward along the radial direction (S = 2πr). This is
the full answer to this question. It can also be derived from the fixed observer’s angular momentum
conservation.

So we have the azimuthal velocity v(r) of both the newly injected fluid and the ‘old’ fluid that is
displaced by it. Do they match where they meet? Yes: we know that without even working it out
because if v(r) jumps from one value to another over a short distance, that is a big vorticity. But,
there is no big (really b!ig) vorticity in sight and vorticity is conserved following the fluid motion.
Summarizing the results:

Rotating Observer:

• New fluid (at smaller r):

v = Ω

(
r20
r
− r
)

; ζ = −2Ω; Angular Momentum rv = Ω
(
r20 − r2

)
• Old fluid (at larger r):

v = −ΩtS

πr
; ζ = 0; Angular Momentum vr = −ΩtS

π
(independent of r)

Fixed Frame Observer:

• New fluid (at smaller r):

Vorticity ζ = 0, Angular Momentum rv = Ωr20

• Old fluid (at larger r):

v = Ω

(
r20
r

)
; Angular Momentum rv = −ΩtS

π
+ Ωr2
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Figure 1: The downsloping curve is v(r) of the new ly injected fluid. The sloping curves are v(r) for the ’old ’
fluid displaced by the new fluid. These are plotted at 3 values of times. These increase in size with time.
Where the curves cross, the solutions match. So the complete solution increases in magnitude of v(r) until
meeting the old fluid which decreases in magnitude of v with increasing radius r.
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7. Development of geostrophic flow from initially unbalanced conditions.
As in Gill’s problem in Ch. 7 which started with a step-function initial condition for the surface
elevation η(x, t) of the fluid, start instead with a sinusoidal variation of η(x, t = 0):

η = A sin (k0x), t = 0

• Solve for the steady part of the solution (‘particular’ solution) and then the time- dependent
(‘homogeneous’ or wavy part). Sketch the surface η profile and the velocity field. The steady part
is in geostrophic balance. The total depth is H + η.
ANSWER:
This problem is slightly different from Gill’s problem, since here the initial condition is given by
a plane wave. We have an initial condition given by η(t = 0), and after ‘releasing ’ some part
of the initial amplitude will be arrested by rotation (geostrophic) and another part will create
oscillations that are not balanced by any coriolis effects (free wavy solution). The wavenumber
will not change for either the balanced nor the imbalanced parts. Therefore our solution for η
can be decomposed as follows

η = ηg + η∗

where ηg(k0x) and η∗(t, k0x) refer to the steady (geostrophic) and the transient (wavy) contribu-
tions.
Just as we saw in class, combining the vorticity and divergence equations, we can get a single
equation for the evolution of the free surface η, which is given by

ηtt − gH∇2η + f2η = −fH2Q(x, 0) = f2η0 − fHζ0

where g is gravity, H is the mean depth, η0 and ζ0 are the initial free surface height and vorticity
conditions. More importantly, the right hand side is proportional to the Potential Vorticity
Q(x,0). Therefore, when looking for particular (steady) solutions, we are looking then for solu-
tions with non-zero PV, and when looking for homogeneous (transient) solutions, we are looking
for solutions with zero PV.

The steady solution is the solution of

d2ηg
dx2

− L−2d ηg = −L−2d η0

where η0 is the initial condition and Ld =
√
gH/f is the Rossby deformation radius. The above

equation resembles that of a mass on a spring, which is forced by a periodic forcing. This case,
however, is stationary (not quite like the spring problem), and we should expect for solutions to
this forced problem to preserve the periodicity of the forcing. That is, solutions should look like

ηg(x) = B cos (k0x) + C sin (k0x)

The only possible solution of such type is allowed when, after substitution, B ≡ 0 and

C =
A(

1 + (k0Ld)
2
)
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therefore the steady (geostrophic) solution is given by

ηg =
A(

1 + (k0Ld)
2
) sin (k0x)

The solution above states that the amplitude of the geostrophic solution should be a fraction of
the initial condition, and dependent of the rossby deformation radius. That is, if (k0Ld) → ∞
(small waves) then the amplitude is zero. If k0Ld approaches zero (very long waves) most of the
initial condition will be arrested in the steady (geostrophic) solution.

The steady velocity is given by the geostrophic relationship, which yields

vg(x) =
A

H

(f/k0)(k0Ld)2(
1 + (k0Ld)

2
) cos (k0x)

For the time dependent part, we have the evolution equation for the homogeneous part of the
problem, which is when the potential vorticity is zero at all times. This gives us the equation

η∗tt − gH∇2η∗ + f2η = 0

This equation is a 2nd order PDE and can be solved through the separation of variables. For this,
assume the solution η∗ = T (t)X (x), and upon substitution, we can get two separate ODEs for
each part of the solution. That is

d2T
dt2

+ σ2T = 0

d2X
dx2

+

(
σ2 − f2

gH

)
X = 0

where σ2 is the squared of the wave frequency (also the constant that separates both equations
from the original PDE). Notice the eigenvalue for the spatial equation. This is the dispersion
relation for gravity waves in a rotating fluid. The solution for the temporal component is given
by

T (t) = C1 cos (σt) + C2 sin (σt)

There are two constants, and so far we only have one initial condition, which will be absorbed into
the total solution. We do, however, have another initial condition. This comes from the initial
condition of the (total) velocities u = v = 0 at t = 0, for a x. The other initial condition (on η)
comes from the conservation of mass. Using the initial condition on u and v, we have ηt = 0 at
t = 0.
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With such steps, the form of our homogeneous η∗ so far is

η∗(x, t) =

{
C cos

[(
σ2 − f2

gH

)
x

]
+D sin

[(
σ2 − f2

gH

)
x

] }
cos (σt) (2)

We can now, complete our total solution, by applying the inital condition η(x, 0) = ηg +η∗(x, 0) =
A sin (k0x). This implies C = 0 above, and

D =
(k0Ld)2

(1 + (k0Ld)2)

With this, the homogeneous solution is given by

η∗(x, t) =
A(k0Ld)2

(1 + (k0Ld)2)
sin (k0x) cos (σt)

with the dispersion relations for a single wave given by σ2 = gHk0 + f2. Now, integrating the
mass conservation equation, we get the velocity

u∗(x, t) = −A
H

(σ/k0)(k0Ld)2

(1 + (k0Ld)2)
cos (k0x) sin (σt)

where the constant of integration is set to zero in order to satisfy the initial condition (u = 0).
Now, integrating the y-momentum equation in time and applying boundary conditions, we get

v∗(x, t) = −A
H

(f/k0)(k0Ld)2

(1 + (k0Ld)2)
cos (k0x) cos (σt)

Now that we know our solutions (geostrophic plus transient), we can combine them into our
general solutions. Our complete solutions (homogeneous plus particular) for the surface
elevation, zonal and meridional velocities are

η(x, t) =
A sin (k0x)

(1 + (k0Ld)2)

(
1 + (k0Ld)2 cos (σt)

)

u(x, t) = −A
H

(σ/k0)(k0Ld)2

(1 + (k0Ld)2)
cos (k0x) sin (σt)

and

v(x, t) =
A

H

(f/k0)(k0Ld)2

(1 + (k0Ld)2)
cos (k0x) (1− cos (σt))
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Now let’s examine the result. The solution has a time-average which is our steady solution ηg. It
also has an oscillating part (a standing wave in which eastward and westward propagating waves
add up to a standing wave). The wave’s amplitude is large if the wavelength is small compared
with the Rossby deformation radius, Ld = c0/f and conversely the residual steady flow is very
weak in this limit. In the other extreme of a long initial wavelength, the oscillating part of the
solution has small amplitude and most of the initial condition stays forever, as a balanced Cori-
olis/pressure gradient flow. Note that the velocity field in this solution vanishes at t = 0, as it
must because of our choice of initial conditions with no vorticity.

• Calculate the kinetic and potential energies KE and PE for the steady part of the solution and
compare these with the PE of the initial condition.
Answer:
The ratio of the amplitude of the mean geostrophic pressure field to its initial amplitude is just
(length scale of initial conditions/deformation radius)2 = 1/(k0Ld)2. The initial energy (which is
all PE) is shared between waves and mean flow. Their geostrophic flow’s PE/KE is equal to this
ratio (L/Ld)2.

• Discuss the dependence of the ratio PE/KE on the length scale L of the initial free surface profile
( L ∼ 1/k0).
ANSWER:

The Rossby deformation radius, Ld , along with the Rossby number Ro itself, is the most important
parameter in GFD! Try not to confuse the two, perhaps by just calling LD the ‘deformation radius’.
When the initial condition for η has large horizontal scale, it is close to geostrophic balance even though
it has no velocity field.
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8. Another geostrophic adjustment problem for a finite width initial pattern of surface elevation.

• Solve for just the steady, geostrophically balanced part of the flow. The initial conditions are,

η = η0 |x| < L, t = 0

v = 0, u = 0 everywhere

This is finite-width ‘square wave’ initial condition with a definite horizontal scale, whereas Gill’s
problem of a step-function initial condition had no horizontal scale.
There are several ways to solve the problem: it is linear, so that two solutions can be added to
give another solution; so most easily you can take Gill’s steady solution (his Fig. 7.1) for a ‘step’
initial condition and add another step a distance 2L away of the opposite sign to make a square
wave.
Other methods are to use the solution to problem 2.2 with Fourier analysis to add up sine-waves
to make the square wave initial condition (but this requires experience with Fourier transforms);
or, find solutions in each of the three regions and match then at x = L, and x = −L. The solution
for η will be symmetric about x = 0.

ANSWER: As stated in the description of the problem, we can split it into two problems similar
to Gill’s. That is, two initial step, a distance 2L away from each other. Each initial amplitude
is η0, and the solution we want is just the step centered at x = L (ηI) minus the step centered
at x = −L. The only difference to Gill’s is that each step decays to zero, rather than to -η0 (the
solution is the same, we would need to translate the η axis a distance η0/2). Consider first, the
case of the step centered at x = L.

Initial step at x = L

η = η0 x < L,

η = 0 otherwise,
v = 0, u = 0 everywhere

This is the problem described in Gill’s book. Our evolution equation for η particular is given by

−gH d2η

dx2
+ f2η = f2η0 H(−x+ L)

Now, since there is a discontinuity on the forcing (given by the Heaviside function), we proceed
to further split the problem into two (again), and match the solution at the discontinuity.

(a) x < L (left of jump). Here, the equation then reads

d2η

dx2
−
(
L−2d

)
η = − η0

L2
d

The solution to this ode is given by

η−(x) = η0 +Aex/Ld +Be−x/Ld

14



Here, we apply a boundary condition far away from the initial discontinuity. Therefore, we
have limx → −∞ then η− = η0. This inmediately sets B ≡= 0. Therefore, the partial
solution to the left of the discontinuity so far is

η−(x) = η0 +Aex/Ld

(b) x > L (right of jump). Here, the equation then reads

d2η

dx2
−
(
L−1d

)2
η = 0

solutions have the general form

η+(x) = Cex/Ld +De−x/Ld (3)

We can get rid of one of the exponentials by considering the limit x→∞ then η → 0. This
sets the constant C ≡ 0. Therefore our solution is

η+(x) = De−x/Ld

(c) Matching solutions at x = L.
Here, we match both solutions citing continuity of the final solution. This can be interpreted
as drawing a line of our final solution from x = 0 past x = L without having to take the
pencil out of the paper. Nature tends to get rid of discontinuities, so it is a good assumption!

Continuity of the final solution reads

η−(x = L) = η+(x = L) =
η0
2

The above continuity condition has a hidden ingredient. We are not only setting the solu-
tions to match, but we are doing so at the location of the initial discontinuity. That is, we are
implying that the discontinuity didn’t propagate away. This is true for linear (hyperbolic)
problems. In nonlinear (hyperbolic) problems, we can have shock propagation (discontinuity
propagates away). This would make the problem a bit harder.

With the given matching condition, we have

A = −η0
2
e−L/Ld

D =
η0
2
eL/Ld

η−(x) = η0 −
η0
2
e(x−L)/Ld (x− L) < 0

η+(x) =
η0
2
e−(x−L)/Ld (x− L) > 0
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This is Gill’s solution for a step initial condition centered around x = L. Written in a more
compact way, we have

ηI(x) = η0H(L− x) +
η0 sign(x− L)

2
e−|x−L|/Ld

where again H is the heaviside function. ηI represents the solution of the step centered at
x = L.
The geostrophic velocity is given by fvg = gηx, which yields

vIg = − gη0
2fLd

e−|x−L|/Ld

which represents, just as it did for Gill’s solution, a velocity in the negative y-direction.

Initial step at x = −L
As we did for the initial step centered at x = L, we perform the exact same analysis for an
initial step at x = −L. That is, we have the problem

η = η0 x < −L,
η = 0 otherwise,

v = 0, u = 0 everywhere

The solution is exactly the same as in the previous page. The only difference is the location
of the initial discontinuity. Therefore, we have

η−(x) = η0 −
η0
2
e(x+L)/Ld (x+ L) < 0

η+(x) =
η0
2
e−(x+L)/Ld (x+ L) > 0

Again, in our compact notation,

ηII(x) = η0H(−x− L) +
η0 sign(x+ L)

2
e−|x+L|/Ld

The geostrophic velocity is

vIIg = − gη0
2fLd

e−|x+L|/Ld
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Total Solution

As we mentioned before, the complete solution is just η = ηI − ηII . Therefore we have

η = η0 (H(L− x)−H(−x− L))− η0
2

(
sign(x− L)e−|x−L|/Ld − sign(x+ L)e−|x+L|/Ld

)
The first term on the right hand side represents the (complete) initial condition.
And similarly, the total geostrophic velocity is given by vg = vIg − vIIg . Therefore

vg(x) =
gη0

2fLd

(
e−|x+L|/Ld − e−|x−L|/Ld

)
The geostrophic velocity represents two jets, one centered at x = −L which is directed in the
positive y-direction, and another centered at x = L and directed in the negative y direction.

• Calculate the ratio of potential energy PE/KE of potential energy/kinetic energy as in Gill §7.2.3
Describe how the solution depends on the parameter L/a (and on g and H).
Answer: In order to calculate the Potential Energy, we need to split the integral into 2 regions.
Inside |x| < L and |x| > L. For sake of simplicity, we set Ld = 1 and scale η by the initial height
η = η/η0, such that the solution has no units.

|x| < L: Here we have two contributions. Namely

η(x) = 2− e−L
(
ex + e−x

)
|x| > L: Here we have two contributions. Namely

η(x) = e−|x|
(
eL + e−L

)
Note that as |x| → ∞ as η → 0, and at |x| = L the two solutions join continuously (η = 1−e−2L).
The potential energy is (1/2)gρ

∫∞
−∞ η2dx. This works out to be

|x| < L: PE = 1
2gρ

(
1− e−4L

)
.

|x| > L: PE = 1
2gρ

(
8L+ 8e−2L + 4e−4L − 9

)
.

The main message is that by looking at the (asymptotic) limit L >> 1 (big waves compared to
the Rossby radius, since we set Ld = 1), we get

|x| < L η ∼ eL−x,
|x| > L η ∼ 2,

which says that an initial η− displacement much wider that the Rossby radius (L >> Ld),
changed very little doing adjustment. That is, its PE is nearly the initial PE and is trapped in
the geostrophic flow.
Conversely for L << 1

|x| < L η ≈ 2− (ex + e−x) ∼ 0 + O(L2),

|x| > L η ≈ 2e−|x|,

Here, the Rossby radius is much bigger than the length scale of the initial height disturbance
L << Ld, and rotation effects are small, most of the initial propagates away.
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