
Geophysical Fluid Dynamics - I   University of  Washington   
Final Exam 8.30-10.30 PDT 14 March 2011   
Open book and notes    Do any 3 of problems 1a. -  1 d.   and do either one of problems 2. and 3. 

1.  (short answers, 2 to 5 lines long). (50 points)
 
a. Why are the most energetic large-scale eddies in atmosphere and ocean so different in horizontal size, L? 
b. Both the jet streams at the atmosphere and the Gulf  Stream and Kuroshio in the oceans are narrow, 
    intense flows associated with meridional  temperature gradients.   If  the horizontal temperature difference   
    across the jet is ∆T, the height scale  of  the jet is H, and its width is L, give a scale-analysis  estimate of  the   
    horizontal velocity of  the jet (assume that the velocity far below the jet core is zero): hence explain the
    difference in  velocity between atmospheric and oceanic jets, despite the fact that ∆T and H are not greatly
    different in ocean and atmosphere. 
c. We define the Rossby deformation radius  Rd = cp/f   where cp is the horizontal phase propagation 
    speed for long, hydrostatic gravity waves without rotation, f.  cp takes on different values of  surface gravity
    waves  and for internal gravity waves with a variety of  vertical length scales.  Describe how these many 
    different choices for cp  relate to the  horizontal scales of  eddies seen in atmosphere and ocean.   
d. The figure below shows a flow of  uniform-density water in a rotating cylinder with a mountain. The fluid 

initially on top of  the mountain is partially moves off, forming a strong eddy.  The rest of  the fluid on top 
of  the mountain stays there even with a mean flow.   How would the intensity u’ of  the eddy’s velocity 
depend on the parameters like Coriolis frequency f,  H0, the mean fluid depth, h the mountain height, L its 
width, U the mean zonal flow speed?

 
2.   Geostrophic adjustment/thermal wind  (50 points). Suppose a layer of  fluid has a uniform density gradient 

with tilted surfaces of  constant density, but zero velocity.   It is confined between horizontal top and 
bottom boundaries at z = -H,  H but there are no vertical boundaries.    The density field is    

                   ρ = ρ0   + Az  + Bx     (A < 0 )    at  initial time t = 0.

All velocities are zero at time t=0  (u= 0, v=0, w=0).  There is no variation of  any quantity in the   
    y-direction. 



The x-, y- and z- momentum equations are
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a.  Assume that the flow is purely horizontal ( w=0 ),  so that the constant potential density surfaces remain 
straight in the figure,  and rotate about the mid-line, z=0:     ρ = ρ0   + Az  + Bx but the horizontal density 
gradient B will stay the same while the value of  A will have changed.  By differentiating equation (1x) 
and (1y) in the vertical, and (1z) with respect to x    find an equation for the vertical shear ∂v/∂z.   

b.    Solve for the geostrophically adjusted time-averaged shear and velocity (u,v) after geostrophic adjustment 
has occurred.

c.  Find the distance ∆x (= ∫udt) that a fluid parcel on the bottom boundary, z=-H, moves between the initial 
state and the final time-averaged state.   Hence show how the slope of  the constant-density surfaces relates 
to the ratio N/f.  

d.  Solve for the time-dependent part of  the solution (the homogeneous solution) that will add to the steady 
solution to satisfy the initial conditions.
 
3.   Internal waves and Taylor column ‘stiffness’  (50 points).  We have seen that the internal wave equation also 

describes important steady-flow problems (e.g., flow over mountains).   We have studied internal waves 
with density stratification (N) and rotation (f),  especially in the limit N >> f.       

          Consider the case N = 0,  (constant density ρ),  which still allows internal waves due to the Coriolis 
effect yet they have somewhat different properties.  Suppose there is no variation of  any quantity in the y-
direction (though there is a velocity v in that direction).   The wave equation for the vertical velocity becomes
   (wxx + wzz)tt + f2 wzz = 0.
Note, this is the same as the wave equation for the pressure field p’, and is a special case of  the wave equation 
we have worked with.  
a. Find the dispersion relation σ(k, m)  for waves of  the form  w = Real (D exp( ikx + imz -iσt)), and make a 

sketch of  it. 

b. Describe the way the angle of  the wave crests and the direction of  the group velocity vary with σ. 
   Suppose the waves are generated by a moving boundary at z = 0 and radiate upward into the fluid 
  which lies above z = 0.  
  The boundary condition is  w = Real (A exp(ik0 x - iσ0 t)) = Acos(k0 x - σ0 t)   at z = 0. 
  The linearized equations for this problem are

      ut  - fv = -p’x /ρ;     vt  + fu = -p’y /ρ = 0;     wt = -p’z/ρ; 
       ux + wz = 0   (since vy = 0).    The pressure is p = p0(z) + p’(x,z,t) where p0  is the background 
hydrostatic pressure.  ρ = constant. 

c. Find the u, v, and w velocity components for this wave solution. Note the pressure field p‘ is not 
hydrostatic.    Show that if  the frequency is much less than f,  σ0 << f, the velocity field begins to resemble 
that of  geostrophic Taylor columns, that is, a ‘flow’ even though these are propagating waves. 

d.  Discuss some (not all) of  the following: the magnitude of  the vertical group velocity that describes the 
propagation upward into the fluid;  the amplitudes of  u, v and w;  the vertical-vorticity balance for this flow;  
the energy flux upward into the fluid; how the amplitude of  the pressure force exerted by the boundary 
depends on the Coriolis frequency, f.  

Useful quantities: thermal expansion coefficient of  water:  α  = -(1/ρ) ∂ρ/∂T|p=constant  ~ 2 x 10 -4   0C-1 ;    air :   α = 1/T


