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GEOPHYSICAL FLUID DYNAMICS-I   OC512/AS509 2011    P.Rhines 
LECTUREs  20-28 (weeks 8-10)  Ekman Layer dynamics,  overturning circulations 
and spin-up/spin-down of geostrophic flow      Reading: Gill 9.1-9.2, 9.4-9.6 
   Note, because this material has been introduced late in the term, students are responsible 
for only the most basic ideas about Ekman layers for the final exam. 
 
    The double boundary layer between the atmosphere and ocean is immensely important 
for both air and sea: it is the region where friction, turbulence and dissipation of energy 
strongly affect the momentum equations. Yet, some simple and useful results of the theory 
appear. 
 
Inertial oscillations contribute roughly 1/3 of the energy of the ocean; surface waves another 
1/3 and geostrophic circulation most of the rest.  They occur also in the atmosphere though 
are harder to spot because of the strong mean winds.  
  

 
 
Inertial currents in the North Pacific in October 1987 (days 275-300) measured by holey-sock 
drifting buoys drogued at a depth of 15 meters. Positions were observed 10-12 times per day 
by the Argos system on NOAA polar-orbiting weather satellites and interpolated to positions 
every three hours. The largest currents were generated by a storm on day 277. Note: these 
are not individual eddies. The entire surface is rotating. A drogue placed anywhere in the 
region would have the same circular motion. From van Meurs (1998). 
 
d’asaro  or price/weller/pinkel fig   
 
 
 Viscous diffusion of momentum.    We discussed the molecular origin of pressure and 
temperature in earlier lectures.  Pressure is the  average momentum flux of molecules in 
direction normal to a plane control surface of interest.  It is the average of the diagonal 
elements of the stress tensor for the fluid.  The words ‘stress’ and ‘momentum flux’ mean 
nearly the same thing.   
    Temperature is the name we give to the average kinetic energy, KE, of molecules in an 
ideal gas (more exactly, KE of molecules= 3/2 kT, k being Boltzmann’s constant), and these 
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two definitions lead to the equation of state, p = ρRT without need of any other 
information.  Viscous momentum diffusion transfers x-momentum in the y-direction, for 
example, and is related to the anti-symmetric part of the full stress tensor.   The 
correlation between u and w velocity components of molecules is the same idea as the u 
and w correlations of the fluid’s macroscopic velocity which gave us momentum flux due 
to internal gravity waves.  The molecules carry their momentum a distance related to the 
their mean free path between collisions, thus a low-density fluid like air tends to have a 
high viscosity/density ratio.   The ratio of this momentum flux to the velocity gradient 
that produces it is known as the diffusion coefficient for momentum, µ, with values 1.0 x 
10-3 kg m-1 sec-1 for water at 200C and 1.8 x 10-5 kg m-1 sec-1 for air at 20C.   It is more 
convenient to divide these by density, giving the ‘kinematic viscosity’, ν, with values 1.0 
x 10-6 m2sec-1 for water, 200C and 1.5 x 10-5 m2 sec-1 for air at 20C and 1 atmosphere 
pressure.  At high altitude the kinematic viscosity becomes very large, owing to the low 
density of air:  1.8 m2 sec-1 at 86 km altitude.  Waves and circulation in the stratosphere 
and above experience relatively strong viscous damping. 
 
    For real fluids, we end up with a semi-empirical relation between viscous stress and 
the velocity gradient,  such that in a flow u(y) the flux of x-momentum in the y-direction 
is  µ ∂u/∂y (see Batchlors’s  An introduction to fluid dynamics, Cambridge, 1968).  The 
force in x-direction is the difference between the stress above and below,  µ ∂2u/∂y2. 
 
 Non-rotating fluids. In classical fluid dynamics there are numerous problems in 
which viscous forces oppose pressure gradient forces.   Consider the evolution of an 
initial simple flow    
   u(y) = A sin Լ y               t = 0. 
 
Without pressure gradient or Coriolis effects, the x-MOM conservation equation is 

   ut = νuyy 
which is the same as a heat-diffusion equation (one of the 3 classic p.d.e’s of 
mathematical physics).  The viscous term is the gradient of the viscous momentum flux 
which is the relevant term of the full stress tensor τij would be written ∂τij/∂xj .  Look 
for a solution with the same shape as the initial condition, say  
   u = B(t) sin Լy. 
Substituting in the equation we find  
   Bt = -νԼ2 B  
and so     
   u = Aexp(-νԼ2t) sinԼy) 
is the complete solution. The velocity simply dies away in a time of order L2/ν  where L is 
the length scale of the flow, L = 1/Լ .   Because this heat equation is linear we can add up 
many such sine-wave solutions to solve other problems.  For example a very narrow jet of 
flow, 
   u(y) = limit with a =>0  of   (1/aπ1/2) exp(-y2/a2)  
is a ‘delta function’, δ(y).  The Fourier transform  
   ∫δ(y)exp(-ily) dy  =  limit with a=>0 of  2/π  exp(-4l2a2): 
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In general a Gaussian bell curve in physical space is made of sine waves with amplitude 
distribution which is a Gaussian bell curve in wavenumber space.  Note that the sine 
waves have energy at length scales ~ a and larger (not smaller). 
    Using this template, we add up the earlier sine wave solutions to give 
   u(y,t) = ½ (π/νt)1/2 exp(-y2/4νt) 
The jet diffuses to become an ever-widening Gaussian curve.  Once it is realized that the 
diffusive signal moves through the fluid like L ~ (νt)1/2 most of the result becomes clear. 
The jet diffuses outward conserving its total momentum ∫u dy,     
  
    Heat and momentum diffusive by similar molecular random walks, although their 
diffusivities (κ and ν respectively) are not identical. The Prandtl number, Pr =  ν/κ is 7.1 
for water at 20C and 0.72 for air at 20C, 1 atmosphere pressure).    
Notice that multiplying the diffusion equation by y2 and integrating over all y, one finds 

   d
dt
( 12 y2! u dy) / u dy =!!  

That is, the viscosity equals the rate of increase of the second moment of the velocity 
distribution, u(y), for any choice of u(y).   This is a useful definition of diffusion that can 
give us understanding of turbulent diffusion of tracer chemicals from observations of the 
spreading of dye or marked fluid particles, and similarly with momentum.   
 
    The Ekman boundary layer: winds driving the ocean circulation As with many ideas 
in GFD, this derivation requires unrealistic assumptions for atmosphere and ocean  (that the 
flow is not turbulent) but its results turn out to be much more general.   Ekman boundary 
layers play two roles: they destroy kinetic energy of a flow, converting it to useless heat (not 
enough to affect buoyancy) and, on the other hand, they are the mechanism for transmitting 
wind-forcing into the oceans.   Consider the wind blowing over the ocean.  We take the 
wind stress τ to be given (it can be measured and increasingly accurately diagnosed from 
satellite observations of ruffling of the sea surface by wind).    The equations for the upper 
ocean are 
    ut – fv = -1/ρ0  px + ν uzz 

    vt  +fu = -1/ρ0  py + ν vzz 

    ux + vy + wz = 0 
assuming constant density, incompressible fluid.  We see no nonlinear terms, due to the 
assumption that the flow does not vary in x or y; only in z.  The boundary conditions are: 
    ρνdu/dz = τx  at z = 0  and 
    u => 0  as z => -∞ . 
τx is the constant value of the wind-stress in the x-direction, with typical values 0.1 to 0.2 
Pa  (=  kg m-1 sec-2 ) on a windy day.   
 
   Now, without Coriolis effects we know that this stress would drive a horizontal velocity 
which would diffuse downward into the water, a distance (νt)1/2 in a time t, and it would 
not become steady until penetrating to the sea floor.  Yet we will find that Earth’s 
rotation ‘arrests’ the diffusion, creating a flow that exists only in a boundary layer.  With 
no time-dependence, the above MOM equations become 
     – fv =   ν uzz 
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     +fu =   ν vzz 

     
This pair of 2d order o.d.e.’s could be combined to make one 4th order o.d.e. and solved. But 
it is easier to define a complex velocity ξ = u + iv  (not to be confused with the exp(ikx –iσt) 
use of complex variables for waves).    Then we find one equation for (complex) ξ(z): 
   ξzz –(if/ν)ξ = 0 
with boundary condtions:    
   νξz = τx at z = 0 and ξ => 0 as z => -∞. 
 
This 2d order equation with constant coefficients has exponential/sine/cosine solutions:      
    ξ = A exp(iaz). 
Substituting in the equation gives 
    a2 = ±if /!  
or    a = ±(1+ i)( f / 2!)1/2  
where we use  (i)1/2 = ±(1+ i) / 21/2 .  The vanishing of the velocity at great depth 
determines the choice of sign which will be negative. With the boundary condition at the 
surface, 
   ρνξz = τx  at z = 0 
   ρiaνA = τx 

   A  = +/-  τx(1 + i)ρ-1 (2νf)-1/2  
The full solution is then 
   ξ = u + iv = τx ρ-1(1 - i)(2νf)-1/2 exp(iaz) 
                    = τx ρ-1(1 - i)(2νf)-1/2 exp(z/δe)(cos z/δe  + i sin z/δe) 
or using some trigonometry  
   u = τx ρ-1  (21/2 /f δe)  exp(z/δe)(cos (z/δe - π/4) ) 
     v = τx  ρ-1 (21/2 /f δe)  exp(z/δe)(sin(z/δe - π/4))  
 
where the Ekman layer thickness is defined as δe = (2ν/f).  In this solution the horizontal 
velocity spirals downward from the sea surface, beginning at 45 degrees (π/4 radians) to 
the right of the wind (northern hemisphere) and veering progressively to the right with 
increasing distance downward.  (see Gill Ch. 9 or Vallis §2.12).  
 Summary of the stress-driven Ekman layer:  Its thickness is essentially the 
distance the momentum diffuses in a 1/f time-scale…a few hours.   
    o Time-dependent terms and inertial oscillations may be relevant with real, time-
varying winds.   

o The force balance at each z-level is between Coriolis and viscous force; each layer of 
fluid sees fluid above flowing slightly to its left, and fluid below slightly to its right. 
The difference between the neighboring stresses point at right angles to the velocity, 
balancing Coriolis.      

    o  Turbulence increases the diffusive flux of momentum by many orders of magnitude.  
The observed thickness of ocean Ekman layers is ~ 10m which requires an effective 
‘eddy-‘ viscosity of 0.5 x 10-2 m2 sec-1 which is 5000 times bigger than molecular 
viscosity.  
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       The most important result is that the mass transport by flow in the Ekman layer is 
independent of the nature or strength of the turbulence, so long as the time-averaged flow 
approximates our situation: mostly horizontal, with small variation in the horizontal.  
The vertical integral of the horizontal MOM equations is  
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where we include both an x- and y-component of wind stress.  This is basically ‘F=ma’ 
for the slab of fluid at the top of the ocean where F (per unit area) is the wind stress and 
‘ma’ is the Coriolis acceleration.   In vector form, 
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with ẑ  a vertical unit vector.   The mass flux in the Ekman layer is at right angles to the 
wind-stress with magnitude stress/f.    Thus, icebergs drifting in the ocean do so 
somewhat to the right of the wind.    We have not included a geostrophic flow in the 
ocean above but it can simply added in.  For typical strong winds over the sea the wind-
stress τ ~ 0.1 to 0.2 Pascals (kg m-1 sec-2 or Newton m-3) and the Ekman mass flux ~ 1000 
kg m-1 sec-1.  
     o  Ekman flux varies inversely as f, hence is strong at low latitude where f is small. 
Thus, although Ekman flux exists because of f,  Coriolis forces reduce the strength of 
stress-driven circulation in this way.   Ocean gyres transport typically 30 to 100 
Sverdrups.  In the Atlantic Ocean Ekman mass transport is only ~3 Sverdrups at 50N 
latitude but in the tropics increases to ~ 10 Sverdrups at 10N latitude, approaching that of 
the geostrophic circulation.  
     o  The Ekman layer communicates with the geostrophic circulation through the 
horizontal divergence of the Ekman mass flux, which drives vertical ‘pumping’ of the 
interior outside of the Ekman layer.  This will be discussed below.  
 
 The Ekman boundary layer at the base of the atmosphere and oceans. We said 
that Ekman layers both drive fluid circulations and damp or destroy them.  At the solid 
Earth, frictional drag slows the atmospheric circulation.  An energetic synoptic scale weather 
system will die away in just a few days, if its energy source (conversion from PE or large-
scale KE)  fails.  This effect (together with the pressure drag on sloping mountains) 
integrates in the most unexpected way, to cause the length of the day to vary by 1 
millesecond between July and January.   There is more land surface and more effective 
mountains in the northern hemisphere, and the winds are strongest there in January.   The 
surface drag slows the atmospheric westerly winds and accelerates the solid Earth’s rotation: 
a variant of the bicycle wheel effect where angular momentum transfers from the wheel to 
the person holding it.    
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  From Bell, Hide & Sakellarides, Phil Trans. Royal Soc. 1991. Above: 
angular momentum (the component parallel with the rotation axis) of the atmosphere. 
Below: length of the day (1 unit is 1 millesecond).  
 
    We adapt the above solution to a uniform (constant horizontal velocity independent of 
z) flow (ug, vg) in geostrophic balance (above the Ekman layer).   The difference is that 
we have a bottom boundary condition on velocity, instead of its z-derivative, and we have 
a pressure gradient due to the geostrophic flow. The equations are 
   -f v  = -(1/ρ)px + ν uzz 
    f u  = -(1/ρ)px + ν vzz 
 
The interior flow above the boundary layer obeys 
   -f vg

  = -(1/ρ) px 
    f ug

  = -(1/ρ) px 
We can treat the pressure gradient as being independent of z, because the boundary so 
restricts vertical motion and  its acceleration in the z-MOM equation that the balance is 
bound to be close to hydrostatic: no dynamical variation in pressure over the small vertical 
distance δe . 
Now define the boundary-layer part of the flow as   ξ = (u – ug  +  i(v – vg)) using complex 
arithmetic as earlier.  The equation is the same, 

   ξzz   - (if/ν)ξ = 0. 
with solutions ξ = C exp(iaz),   a2 = -if/2ν ,  a = -(1-i)/δe ,       δe = (2ν/f)1/2 . 
This makes exp(iaz) as follows: 
   exp(iaz) = exp(-(1+i)z/δe) 
The solution satisfying u= 0, v=0 at z=0 is 
   u = ug (1 – exp(-z/δe) cos(z/ δe)) 
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   v = ug exp(-z/δe) sin(z/ δe) 
This is again a spiral of velocity vectors, now increasing from zero at the bottom of the fluid 
and homing in on the geostrophic velocity as frictional effects weaken above z = δe . The 
Ekman flux, integrated over the boundary layer is directed to the left of the geostrophic 
flow (unlike the surface Ekman layer mass flux to the right of the wind stress).   This 
leftward flow is driven by the right-to-left force of the geostrophic pressure gradient 
which no longer has a strong velocity and Coriolis force to balance it.   As above, 
realistic flows to not have such a large angle (450) of the bottom stress relative to the 
geostrophic velocity above, but the boundary layer flux at right angles to its parent 
geostrophic flow is robust regardless of turbulence and even stratification (provided the 
bottom does not slope).  
 
      The mass transport by the Ekman layer velocities was given above in terms of the 
boundary stress.  Here we can express it also in terms of the geostrophic velocities above: 
    
   ∫ρ(u,v) dz = ½ ρδe [-(ug +vg), (ug – vg)]           
We also find the stress of the fluid on the bottom to be 
   (τx, τy) = ν ∂(u,v)/∂z at z = 0,  
    = ν/δe [(ug - vg), (ug + vg)]                          (2) 
 
 
    
      With winds blowing over the sea surface (on ~ 70% of the Earth’s surface) there is a 
double Ekman boundary layer, one in the sea, one in the air.     The same vertical integral 
technique tells us that the mass flux is equal and opposite in the two layers, because the 
viscous stress vanishes outside of the boundary layers.  Again, this is just F = ma applied 
to this slab of air and water.     
 
      Realistic turbulent boundary layers have momentum flux (vertical flux of horizontal 
momentum) many orders of magnitude greater than viscous forces.   The flux of x-
momentum vertically is the average of ρuw, just as it is in the case of internal gravity 
waves propagating up from a serious of ‘mountains’.   Observations of these fluxes have 
been widely made and, despite much understanding and numerical simulation, we cannot 
pretend to have an accurate model of the atmospheric boundary layer’s effects on 
momentum (except in the bulk sense, like the length of the day or the surface drag 
inferred from reanalysis models of atmospheric circulation or ocean circulation.   But 
formulas do exist with some usefulness.  
 
     Ekman pumping:  interaction of Ekman layers with the gestrophic circulation.  
While general circulation dynamics is beyond the syllabus of GFD-1, we have all the 
tools (and have seen the lab experiments) to understand the coupling of frictional 
boundary layers with the general circulation.   The coupling arises simply because Ekman 
layers have horizontal divergence if they vary along the horizontal boundary.  We 
assumed in the derivation that they did not do so, but a gradual variation will not upset 
the basic theory.  The MASS conservation equation relates horizontal divergence to 
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vertical velocity:    ux  + vy = -wz for incompressible fluid.   If we integrate through the 
boundary layer, 
   wtop !wbottom = (ux + vy )dz"   

But we know what the integrated mass flux is, in terms of the stress at the boundary. For 
the surface boundary layer driven by wind stress  
   ẑ ! !!u" dz =

!
! / f  

Taking account of the cross product,  the horizontal divergence is directly given by the 
curl of  (boundary-stress)/f: 
   wbelow upperEk layer = !" • !udz = ("# (

!
! / " f )$ )• ẑ  

where the righthand side is the z-component and the vertical integral is throughout the 
Ekman boundary layer.   Similarly at the bottom of the fluid (the ground beneath the 
atmosphere or the ocean floor), from eqn. (2),  the horizontal divergence is given by the 
curl of the geostrophic velocities (since there is a cross product relating stress and 
transport):  
   wabove lower Ek layer = ! • !udz = (!" (

!
! / " f )# )z  = ½ δe ζ 

(e.g. Vallis §2.29, eqn 2.308).    
 
 The final connection: vortex stretching and spin-down 
We have spoken a lot about overturning circulations in GFD, whether the global MOCs 
(meridional overturning circulations) or small scale frictionally driven overturning.  In the 
present problem we use the Ekman pumping derived above to stretch or squash the vertical 
vorticity of the geostrophic flow.  This allows the forces at the boundary to do their work, 
either accelerating or decelerating the large-scale circulation.  The final result is surprisingly 
simple.   Recall the vertical vorticity equation,   from taking ∂/∂x of y-MOM and subtracting 
∂/∂y of x-MOM  (that is, taking the curl of the vector MOM equation).   In general it is 

   
D( f +! )

Dt
= ( f +! ) !w
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and for small Rossby number, Ro ~ ζ/f <<1, this is just 
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!t

= f !w
!z

 . 

Since ζ is independent of z outside the boundary layers,  we have simply  

   H !!
!t

= f (wtop "wbottom )  

where H is the mean depth (neglecting the thickness effects, δe << H) and the w’s are 
observed just outside the boundary layers, top and bottom.   Using our results for vertical 
velocity at the bottom we find 

   H !!
!t

= " 1
2 f"e!  

This is a remarkably simple result:  Ekman layers spin down the geostrophic circulation as ζ 
~ exp(-t/Tspin-down) in an e-folding time Tspin-down ~ (1/f)H/δe .   This is a time longer than 1/f 
by a factor H/δe which is a large factor. Yet the spin-down occurs much faster than pure 
viscous diffusion through the depth H, by another large factor,  (H2 /ν) = the time to diffuse 
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momentum through a depth H, divided by the actual spin-down time, 2fH/ δe.  The 
important small parameter here,  H/δe is E-1/2  where E = ν/fH2 is the Ekman number, which 
appeared when we first looked at scale analysis of the MOM equation: it is the ratio of 
viscous forces to Coriolis forces.  Here E <<1 so that spin-down is much faster than pure 
viscous diffusion could bring about.     
 
     Spin-up by vortex stretching.   
     The corresponding result for the driving of the fluid by boundary stresses (like the wind 
blowing over the ocean is that 

   !H !"
!t

= "#
!
! • ẑ  

When effects of the spherical Earth are included, the dynamics of the oceanic general 
circulation follows from this forcing function, the curl of the (wind-stress/f).   There are no 
viscosities or turbulence effects showing in this equation, though it is the result of the 
machinery of Ekman and overturning circulation.     


