
GEOPHYSICAL FLUID DYNAMICS-I   OC512/AS509 2009     
 LECTURE   4:  Coriolis effects.       
     Reading : Gill    §§ 4.5.1 (Coriolis), 5.1-5.3,  5.6-5.7 leading to 7.1-7.6 extending into next 
week. 
          (parallel material is in Vallis §§  2.1-2.2  extending to 3.1, 3.7-3.8)     
          review Bretherton AS505/OC511 lectures 4,5 (math review), 6,7,9 (equations of    
          motion), 10 (energy equation) 
 
  
 F = ma  for a fluid 
 F = body forces + surface contact forces (pressure, viscous stress) + inertial forces 
due to    accelerating frame of reference (rotating Earth).  
            rotating planet reference frame and  Coriolis’ theorem for the rate of change of a 
position    vector   
 the Earth’s geopotential surfaces which define the ‘horizontal’ and ‘horizon’. 
   
Momentum equations, for an observer in a fixed, non-accelerating, non-rotating frame of 
reference:   
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, the time-derivative following a fluid particle.  

     We reviewed in class the chain rule that gives this relationship,  thinking of a function m 
that has explicit x –dependence but also hidden x-dependence through another function 
n(x):   m = m(n(x), x).   Then to find dm/dx we use the chain rule:    

dm/dx = ∂m/∂x + ∂m/∂n  dn/dx. 
   For fluid acceleration we are differentiating, for example u(x, t) while following the moving 
position of the particle, x = X(t).  So,  du/dt with x = X(t) is given by   ∂u/∂t + ∂u/∂x 
dX/dt = ∂u/∂t + u ∂u/∂x  because  dX/dt = u.  And, so on for the other two directions.   
We used the x-t plane to illustrate time-differentiation at x= constant (i.e. the ‘Eulerian’ 
acceleration ∂u/∂t) and following x = X(t) (i.e the ‘Lagrangian’  acceleration Du/Dt).  
  
   Rotation is acceleration.   A ball on a string, rotating at a constant speed, is accelerating 
because of the continual change in direction of the velocity.  This is mirrored in the force 
required to keep it in orbit (as with an Earth satellite).   The radius vector and velocity vector 
stay at right angles.  In a small time δt the ball rotates by an angle δθ, and so does the 
velocity vector.  The small change in velocity is given by   !u!" r̂  where r̂   is a radial unit 
vector.  Thus the acceleration is  

!u!" /! t !!r̂ !!=!!!"u!!r̂ !!!=!!!"2r !!r̂ !!!= !u2 / r !!!r̂  
where u = Ωr.  

!
!  is the vector angular velocity, pointing along the axis of rotation, normal 

to the plane of rotation and Ω is its magnitude.   
 
   Coriolis’ theorem:   let xf be a position vector from the center of the Earth, as seen by an 
observer in a reference frame fixed to the ‘distant stars’, that is, an inertial reference frame. 
Let xr be the position vector as seen by an observer rotating with the Earth.  Note that if the 
two vectors are identical at time t=0,  then a small time δt later they will differ by a vector 



!
!" !xr! t  (think of this as the product of the radius r and the angle δθ: arc length of a circle 
= rδθ).  It follows that the rate of change  is 
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apply twice: 
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use the triple-cross-product rule on the final term: 
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In terms of velocity we now have 
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where r1 =  |
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!xr | cos(latitude )  is the cylindrical radius, or the distance from the 
rotation axis to the fluid particle. There are two new terms, the Coriolis inertial force  and 
the centrifugal (center fleeing) inertial force (final term). This follows from the inherent 
acceleration involved in motion along a circular path…centripetal (toward the center) 
acceleration. Thus both terms are accelerations which look like forces to a rotating observer, 
sitting on the Earth. We can write the centrifugal inertial force as the gradient of a potential 
function: 
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2 )    (note there is an error in Gill’s text at this point, where he 

has ∇ ½ Ω2xr
2 based on xr the spherical radius ).  

 
   The geopotential surfaces. The MOM equation becomes 

 
D !u
Dt

+ 2
!
!" !u = #$p

!
#$%       (1) 

where Φ is the geopotential. Surfaces Φ = constant near the Earth’s surface are known as the 
‘geoid’.     
 Φ =ΦV – ½ Ω2 r1

2 . 
where ΦV is the potential field for the ‘true’ gravity force:  the integral effect of all the mass 
of the Earth, including its fluid envelopes.  Mapping gravity has become a great sport using 
orbiting satellites (most recently the GRACE twin satellites, one following in the same orbit, 
20 km behind the other, with precise range finding between the two satellites, to the order of 
microns (millionths of a meter distance).  For our  GFD accuracy we will use a point mass 
idealization,  
 ΦV = -GM/xr

    
xr being the full spherical radius.  Isaac Newton showed that this is also correct for a sphere 
with density that is a function of r only (i.e., it has spherical symmetry), at radii greater than 
that of the sphere. G is ‘big G’, the gravitational constant,  6.67 x 10-11 m3 kg-1 s-2 and M is 
the mass of the solid Earth,  5.97 x 1024 kg.  The two potentials combine to give what we 
commonly call ‘gravity’.  At the Earth’s surface, this is 
 Φ ≈ gz  (near the Earth’s surface) 
where  



 g = 9.81 m sec-2   
 (varying from 9.79 to 9.83 m sec-2  with latitude) and z is the vertical coordinate.   
 
   But it is worth seeing the shape of Φ more accurately. There is an Equatorial bulge, the 
radius of the Earth at the Equator being about  6378 km, and at the Poles being  6357 km, 
for an ‘bulge’ of 21 km.  Of course the solid Earth has complex shape, especially with 
continents floating high above the sea floor. It is described by a series of spherical 
harmonic functions, so there is more to it than a simple bulge.   
 The geopotential surfaces  
                                 Φ =    - ½ Ω2r1

2 – GM/xr =  constant 
 
 are somewhat challenging to sketch.  If we stay in the plane of the planet’s Equator then 
r1 = xr , and the two contributions give a maximum of Φ where ∂Φ/∂r = 0, at xr

3 = GM/ 
Ω2. For the Earth this is at 32,786 km  above the surface at the Equator. It is where an 
orbiting satellite is geostationary .. it sits above one point on the Equator.   If the Earth 
were bigger, but with the same mass, we would feel a weaker gravity force holding us 
down. If it were 32,786km big (plus its current radius), we would be free of gravity 
entirely. That could be interesting.  

  
    On top of the basic ellipsoid is all the gravity variation due to the contrast between 
ocean floor and floating continents, due to gravity anomalies hidden beneath and due to 
the oceans and atmosphere themselves.  The time-averaged ocean surface has a complex 
topography which mostly relates to the topographic mountains and valleys on the sea 
floor. Smith & Sandwell (see slides) have used radar altimeters on orbiting satellites to 
infer the seafloor topography with remarkable accuracy.   This same ocean water surface 
topography is used for mapping ocean currents and oceanic heat storage also.  The 
surface of the ocean has hills and valleys which correspond to seafloor hills and valleys, 
much reduced in scale.  But, the geopotential surface,    Φ = constant,  that this represents 
has ups and downs with a range of about 200m at the extreme. This is much greater than 
the ‘dynamic topography’ of the sea surface, the small elevation changes that correspond 
to ocean currents.  
 



   The idea of a potential force field is important: if a force acting on a fluid particle is  !
F = !! , the gradient of a scalar potential φ, then when the particle moves across space, 

work is done to it by F.  The total work done is 
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which is the same for any path taken.  Thus φ, or in our case Φ, plays the role of a 
potential energy.  Note the units:  Φ is energy per kg while ρΦ is energy per cubic meter. 
    


