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 GEOPHYSICAL FLUID DYNAMICS-I   OC512/AS509 Winter 2011    P.Rhines 
 LECTUREs   5-6:  Equations of motion, geostrophic balance    12-14 Jan 2011 8        
1 correction made on p. 4                              Reading: Gill §4.5, 5.1-5.2, 5.6-5.7, 7.1-7.6 

   (parallel material: Vallis §§ 2.1-2.1      
In these two lectures we developed the momentum (‘MOM’)  equations, and used scale 
analysis to estimate the sizes of various terms.  The horizontal MOM balance on a rotating 
planet is dominated by Coriolis and pressure forces (geostrophic balance) if the non-dimensional 
Rossby number, Ro,  frequency 1/fT,  and Ekman number E are all small: motions with 
large horizontal scale and slow variation in time.  The vertical MOM is dominated by gravity 
and pressure forces (hydrostatic balance) if the vertical scale H and horizontal scale L obey 
(H/L)2 << 1.  If the density ρ is constant (homogeneous fluid) it follows from the above 
balances that the horizontal velocity is independent of z  (Taylor-Proudman theorem), expressing 
the overwhelming angular momentum in the fluid due to the planet’s rotation.  
_______________ 
  With our expressions for acceleration in a rotating frame of reference we now write the 
momemtum equation 
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   It is normal at this stage to think of local (x,y,z) Cartesian coordinates (east, north, up) for 
motions on a sphere.  Think of a plane tangent to the sphere in which these coordinates 
would be correct.  True spherical coordinates describe the (nearly) spherical Earth and must 
be used for motions of planetary scale (Gill § 4.12).  Corresponding to  (x,y,z) are (λ,φ,r) 
(longitude, latitude, spherical radius).  Note that Vallis uses θ as latitude instead of φ.  These 
will be used at times, but things are so much simpler in x,y,z coordinates that we accept 
some inaccuracy, so long as we keep track of the size of the errors.     Typically we are 
thinking of motions whose horizontal length scale L << a, where a is the radius of the 
Earth.  The corresponding velocity components are (u,v,w). Note that ‘up’ is the direction 
normal to geopotential surfaces; x and y lie along these surfaces. 
 
      Consider the horizontal balance. Estimating the typical sizes of the individual terms 
using length scales H and L, velocity scale U and using the relevant part of the Coriolis force, 
which sees the vertical component  defined as         

 f   ≡ 2Ωsin φ 
where φ the latitude.  
We can pivot the scale analysis about the Coriolis term; its scale size is Uf and we divide each 
term’s estimate by this, leading to the size estimates below. 
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x-COMPONENT MOM       ut   + u ux +v uy +w uz     = -px/ρ     + ν∇2u  
                     1/fT      U/fL       1             1         ν/fL2 + ν/fH2 

            1/fT        Ro         1             1                E  
The last line defines the Rossby number Ro = U/fL, and Ekman number, E = ν/fL2 + ν/fH2 . 
The non-dimensional frequency has no common name: think of it as a second Rossby 
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number, since the first two terms are expressing the acceleration of a fluid element.  There is 
one term that escapes this analysis, -2Ω cos φ w  in the x-MOM equation.  It is neglible in 
the hydrostatic flows of interest, although it is murky enough an approximation that 
neglecting this term and a similar one below in eqn. (2) is known as the ‘traditional 
approximation’.  
   We see that when all those non-dimensional parameters are small (Ro <<1, 1/fT <<, 
E<<1) then the Coriolis-pressure balance (geostrophic balance)  emerges, in x- and y- 
components or as a vector equation:   
 
   -fv = -px/ρ,   fu = -py/ρ  
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where ẑ  is a vertical unit vector. ≡ means equal by definition. The Coriolis frequency f varies 
with latitude but for present work consider it to be constant. Errors of order E + Ro + 1/fT  
are expected in applying equations (4). 
 
       
   For the vertical momentum balance, we again neglect viscous forces (set kinematic 
viscosity ν=0). 
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    Here we pivot the analysis about a balance between pressure force and gravity, and 
neglect the Coriolis term as part of the ‘traditional’ approximation (basically, assumes that  
we are not close to the Equator).     The result is that, for ‘thin aspect ratio’, (H/L)2 << 1, 
the pressure variation in the vertical is nearly hydrostatic, 
   pz = !!"# |z= !!g         (6) 

This scale analysis result can be found by assuming the balance to be hydrostatic and then 
estimating the size of neglected terms. Here for example, differentiate (5) with respect to x. 
Then the term   

                    ∂ 2w/∂t∂x ~ W/TL ~ UH0/L2 T 
where H0 is the fluid depth.  The term -∂2p/∂z∂x/ρ can be estimated from the x-MOM 
equation to be ~   ∂2u/∂z∂t ~ U/TH.  The ratio of the neglected term/retained term is thus 
(H0/L)2. Here we also used the estimate W/U~ H0/L from the MASS conservation equation 
! • !u = 0 .  We shall see W/U may actually be even smaller in rotating flows.  In other flows 
we find this same result, except that H0  is replaced by H, the vertical length scale of 
variations in the velocity field.  
 
   Pressure is equal to the weight of fluid overhead (per unit area); what is neglected here is 
the spherical effect, with the volume of fluid in a radial shells of atmosphere increasing as we 
go upward.  Isaac Newton noticed this and likened the error in the hydrostatic balance to a 
stone bridge, with its arched shape.  The stones are not supported by the air below, but lean 
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on one another, in an arc or ‘flying buttress’.  So too does the air.  But this matters only in a 
deep atmosphere like that of Jupiter.     
 
 
Implications of geostrophic, hydrostatic balance 
 
   o   Equations (4) and (6) are statements of balance which relate different key variables.  
With the acceleration terms removed they cannot solve complete problems with initial 
conditions and boundary conditions.  Geophysical fluid circulations are full of life cycles that 
unfold in time. We will soon see how they can be solved.   
 
   o   At this point we can see that a scale estimate of the size of pressure fluctuations in the 
horizontal plane is  P ~ ρUfL.     If we had instead a more familiar balance between 
acceleration and pressure gradient (as in flow in a non-rotating water channel) we have 
instead pressure fluctuations P ~ ρU2  or ρUL/T which reminds of the Bernoulli equation.  
  
    o   In (4) pressure acts as a stream function for the horizontal velocity: the fluid flows along 
constant-pressure curves in the horizontal plane.  As such, at this level of approximation,   
    ux + vy = 0 
The horizontal divergence vanishes.  In general, the horizontal divergence is of order 
Ro(H/L) compared with the sizes of ux or vy separately.  Since horizontal divergence equals 
–wz for an incompressible fluid, the vertical stretching  also vanishes in this ideal limit.  
However, we will find that most of our interesting flows relax the latter condition without 
relaxing the former:  vertical stretching, though small, is dynamically important when the 
flow is still close to non-divergent horizontally.  This can be confusing but it will be 
explained in detail.  
 
   o   A further consequence of geostrophic balance is found for a constant density fluid. 
Then, the z-derivative of (4) combine with the horizontal derivatives of (6) to give 
    fuz = 0,  fvz = 0 with error of order Ro.  
This is known as the Taylor-Proudman theorem.  It expresses the strength of the angular 
momentum of the basic Earth rotation, compared with that of the winds and ocean currents 
riding on the rotating Earth.  Tipping over a column of fluid requires a torque, or twisting 
force, and in absence of density gradients and friction forces there is none available. 
 
    o Near the Equator, where f goes to zero, geostrophic balance breaks down (but it begins 
to take hold surprisingly near the Equator).  
 
   In the previous lecture notes we showed the consequences of hydrostatic balance for the 
structure of an isothermal atmosphere at rest  (density and pressure varied as exp(-z/Hs 
where Hs = RT0/g is the scale height).  This came from combining (6) with the ideal gas 
equation of state at constant temperature….two equations in p and  ρ.   
 
    o  Hydrostatic balance ties the fields of p, ρ and Φ tightly together.  For a fluid at rest, p 
and ρ are constant on geopotential surfaces…on horizontal surfaces.  For moving fluids this 
is no longer true but for large-scale motions constant pressure surfaces are quite close to 
horizontal (more so than constant-density surfaces).  In atmospheric sciences, largely 
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because the radiosonde measures pressure as it rises, pressure is often used as a vertical 
coordinate in place of z.  The two switch roles:  instead of horizontal variations in p we think 
about variations in z on an isobaric, constant-p, surface.  This is the origin of the maps of 
dynamic height variations on constant pressure surfaces that are the heart of meteorology.  
The transformation, using hydrostatic balance, is  
             dp = -ρ dΦ = -ρg dz  =>   

                            ∂Φ/∂p = -1/ρ.                          (7) 
At this point see the sketch in Gill 6.17 (p. 181) or Vallis 2.6.2.  We relate the purely 
horizontal variation of p,  with the slope of a constant-pressure surface and the vertical 
pressure gradient:  with p =  p(x,z), express a small change in p as 
        dp  =  ∂p/∂x  dx   +   ∂p/∂z dz 
Now if you move along a constant pressure surface (figure below), dp =0 and there 
       ∂p/∂x dx = - ∂p/∂z dz  or   dz/dx  = -∂p/∂x/(∂p/∂z) = (1/ρg)∂p/∂x; 
note the sign just below: it does not look like a ‘chain rule’ because of the minus sign yet it is 
correct. 
                              ∂p/∂x|z = const.  = ∂p/∂x|p - (∂p/∂z)(∂z/∂x|p = const.)  
The middle term vanishes, by definition, and we use (4) to substitute for ∂p/∂z.   
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It follows that we can write the geostrophic momentum balance in pressure coordinates as 
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This conveniently hides the density. Geostrophic/hydrostatic balance in the form (7), (8)  or 
(4), (6) holds with inhomogeneous (non-uniform density) fluid.  Variations in Φ (= gz) on 
isobaric surfaces are known as dynamic height anomalies (not to be confused with the 
geopotential surfaces which define the horizontal).  Slight spatial variations in g are 
sometimes included in this balance 

 
 


