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GEOPHYSICAL FLUID DYNAMICS-I   OC512/AS509 2015 P.Rhines  
LECTUREs  7-8 week 4:  Dynamics of a single-layer fluid: waves, inertial 
oscillations, and geostrophic adjustment    
                          Reading: Gill § •  Gill sections on stratified geostrophic flow: 7.7, 7.8, 7.11, 7.12,  
  and Kelvin waves, 10.4. (similar to Vallis sections 2.8, 2.9, 3.1, 3.6-3.8) 
   Bretherton lectures 23-25 AS505/OC511 Fall 2010   (water waves) 
 
 Waves in a single layer of homogeneous fluid with a free surface, no Coriolis effects.   A single 
layer of water with a free surface is a useful idealization that can lead us to the more complex 
stratified atmosphere and ocean.  Some of the results generalize surprisingly well to the more 
realistic fluid   Recall the properties of gravity waves on water: when they are short (L < 
depth of the fluid) their oscillatory velocity decreases with depth beneath the surface,  
exponentially in z: a short-wavelength surface wave simply cannot ‘signal’ its structure 
deeper into the fluid than a fraction of a wavelength.  This is implicit in a scale analysis of 
the governing equation for the velocity potential, φxx +φzz = 0 : it says the vertical and 
horizontal length scales of the pressure or velocity are the same, H/L ~ 1 (see Bretherton 
lectures 23-25 or Gill §5.3).   If the fluid depth is far less than L, however, φ or the pressure 
field communicates through the full depth.    
   We take the horizontal MOM equations and drop the nonlinear, rotation and viscous 
terms, leaving 

 ut   = -px/ρ  
 vt   = -pY/ρ 

If the vertical MOM balance is hydrostatic (i.e., if (fluid depth/L)2 << 1) then we can use the 
fact that the free-surface elevation directly follows the pressure field. This gives  
             p = gρ(η-z) + pa 
where η is the free-surface elevation relative to its mean geopotential surface and pa is the 
atmospheric pressure, assumed uniform here. z=0 is the mean level of the free surface. 
(Don’t confuse η with entropy.) Hence 

ut   = -gηx        (1a) 
                        vt   = -gηY                            (1b) 
Now, the z-derivative of (1a) shows that utz = 0 and similarly for (1b).   If u and v are 
independent of z initially (say, at time t=0), then these relations show that u and v will 
remain depth-independent for later times.  This is not the Taylor-Proudman theorem but is a 
simple consequence of hydrostatic ‘shallow-water’ balance in a homogeneous fluid. 
   The MASS conservation equation for a constant density fluid implies that the full 
divergence of the velocity vanishes:   
  ux + vy + wz = 0  
With u and v independent of z, we can integrate with respect to z, using the boundary 
conditions w = Dη/Dt at the surface, z = η,  and w = 0 at z = -H0 to give 
  ηt + ((H0+η)u)x + ((H0+η)v)y = 0    (2)   
where H0 is the mean depth of the fluid layer.  Dropping the nonlinear terms we are left with  
  ηt + (H0 u)x + (H0v)y = 0.     (3) 
(this is actually valid if the mean depth varies in x and y).  For a flat bottom, H0 = const. 
Now, take ∂/∂x of (1a) plus ∂/∂y of (1b). This gives the time-derivative of the horizontal 
divergence on the lefthand side, plus f times the vertical vorticity. Then substitute from the 
t-derivative of eqn. (3) for the horizontal divergence in terms of η 
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    ηtt  - gH0(ηxx + ηyy)   = 0     (4) 
 
(Gill § 5.6).  
 
   Now, eqn. (4) is the basic wave equation for long gravity waves.  The solutions (Gill 5.6) to  

  ηtt  - gH0(ηxx + ηyy)  = 0 
are non-dispersive gravity waves with phase speed c given by 
     c0

2 = gH0 

This is exactly the ‘classic’ wave equation  ηtt − c
2∇2η = 0 of mathematical physics. Look for 

a general wavy solution,     η = Re( Aexp(i

k • x - iσ t)) .  The equation is homogeneous and so the 

‘solvability condition’ for it is the dispersion relation, found by substituting back in the 
equation: 
      σ = c0 |


k |= c0(k 2 + l2 )1/2 , c0

2 = gH0  
 
 

 
 
Thus frequency is simply proportional to wavenumber  |


k | .  There is no ‘pebble-in-the-

pond’ effect of a narrow initial disturbance (pebble) making a long train of sine waves.  For 
propagation in one dimension (x-) only, the more general solution is based on a change of 
variable to  
   ξ = x + c0t,  χ = x – c0t 
These are called characteristic curves of the hyperbolic wave equation.  If you go through the 
transformation, the equation becomes simply  
   ∂2η/∂ξ ∂χ = 0 
with solutions  η = ½ (F(x-c0t)+F(x+c0t)) for any choice of the function F. Verify that this is 
a solution by substituting in the equation.  Each of the two signals propagates without 
change of form, one to the right, the other to the left.  Initial conditions at time t=0 can be 
satisfied by choice of F.  (in general this 2d order p.d.e. needs another initial condition, 
leading to two more terms in the general solution, but this brief sketch gives you the solution 
for problems with zero initial fluid velocity and some specified initial fluid surface height 
profile at t=0.).   
   Solutions with 2-dimensional structure are more interesting, representing for example the 
propagation from a source of waves at the origin x=0, y=0, outward in the radial direction.  
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For such solutions we would write the wave equation in cylindrical coordinates and find 
solutions in terms of Bessel functions of r.   
 
 Effect of Earth’s rotation. 
 Putting Coriolis terms back in the horizontal MOM equations (1),  

    ut - fv  = -px/ρ      (5a) 
    vt  +fu = -px/ρ     (5b) 

Following the same procedure as above we derive an equation for η: 

  
ηtt − gH0∇

2η = − fH0ζ ζ ≡ vx − uy                 (6) 

Here we no longer have a single equation for a single variable, but the vertical vorticity, ζ, 
has suddenly appeared!    To go further we will express ζ in terms of η, so as to have an 
equation in η alone. 
 
 Potential vorticity (PV) a first look  Clearly (6) is telling us that vorticity ζ and height 
fields η are coupled together by Coriolis effects. So, we need to use the vorticity equation. Its 
linearized version is found from taking  ∂/∂y of (5a) minus ∂/∂x of (5b) (which is the same 
as taking the curl of the horiz vector-MOM equation) and using MASS conservation  

   

  

ζ t = − f (ux + vy )

= fwz

= f
H0

ηt

                 (units: sec-2 )                     (7) 

 
This is a linear limit of the full nonlinear potential vorticity equation for  constant density, 
hydrostatic fluid motion: 
 

    
D
Dt
( f +ζ
h
) = 0  

where h is the full fluid depth, h = H0 + η and again  ζ is vertical vorticity, vx - uy.  See Gill 
§7.2.1. Think of f + ζ  as  absolute vertical vorticity = planetary + relative  vorticity which would be 
recorded by a non-rotating observer.  The presence of h is our first encounter with the ‘figure-
skater effect’:  stretching of the height of a fluid column and its accompanying horizontal 
convergence with change the spin of the column, in order to conserve absolute angular 
momentum.   The potential vorticity (‘PV’ for short),   (f + ζ)/h, is special to this single-layer 
fluid but it will generalize nicely for stratified, even compressible, flows. 
   The final expression comes from the vertical integral of the MASS eqn., as in deriving 
eqns. (2) and (3).   Notice that we had to retain a non-zero horizontal divergence in order to 
get anything but zero on the righthand side of the equation.  
 Integrate (7) in time to give 
   ζ = ζ0 + (f/H0)(η-η0) 
where the ζ0 and η0 indicate values at the initial time, t=0.  Now the wave equation has just a 
single unknown, and becomes 

   
ηtt − gH0∇

2η + f 2η = f 2η0 − fH0ζ0
= − fH0

2Q0 (x, y)
   (8) 
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where Q0 is the linearized initial potential vorticity.   We can proceed to solve complete 
initial value problems, and they have a major surprise in them.  This utilizes the 
‘homogeneous plus particular solutions’ that solve a forced o.d.e  
 
 In classical fluid dynamics, there is much attention given to 2-dimensional flows with 
zero vorticity….’potential flow’.  For zero viscosity, the vorticity ▽H

2ψ  ≡ ψxx+ ψyy  is 
conserved following the flow.  This is what the physicist Richard Feynman called a ‘dry 
water’ (see his fascinating Lectures in Physics vol. 3).  One aspect of these flows is that all the 
fluid particles are in some sense identical…none is ‘marked’ or distinguished by having 
special density or temperature or, in this case, vorticity.  The long gravity wave equation 
without rotation is also describing a ‘dry’ fluid.   But now with rotation, we see that fluid 
particles are distinct: they can be ‘marked’ or ‘recognized’ by their PV (potential vorticity), 
here Q(x,y) which is the linearized (small-amplitude) version of (f + ζ)/h. The PV is 
conserved following the fluid particle and can only be altered by friction forces or external 
forces like the winds above.    
 
      Long gravity waves modified by rotation.  Suppose we assume the righthand side of (8), which 
represents the potential vorticity at the initial time, is zero.  Then we have wavy solutions  of 
(8) as before, and substituting the plane wave general solution yields the dispersion relation 
   η=Re(Aexp(ikx+ily- iσt);     

 σ2 = f2 + gH0 (k
2+l2)   

Suddenly the waves have become dispersive!  All these solutions, known as Sverdrup-Poincare 
waves have frequencies greater than f, and the dispersion relation is not a straight line (or 
cone) as with f=0.   Earth’s rotation has confined all the simple long waves to have frequencies greater 
than f.     

 
 
The group velocity  is the slope of the dispersion relation  

   
   

cg = (∂σ / ∂k,∂σ / ∂l) =
gH0(k,l)

( f 2 + gH0


k •

k )1/2    
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See Vallis fig. 3.8. The group velocity is slower than the phase velocity, tending to zero for 
waves longer than a length scale  c0/f  where  c0 = (gH0)

1/2 is the long-wave speed without 
rotation.  This deserves highlighting again: 
    LD ≡ c0/f  
is the barotropic Rossby deformation radius, a horizontal length scale that expresses the relative 
importance of gravity and Coriolis effects. The version of LD for a stratified fluid will 
become our most important length scale in GFD.  These are hydrostatic waves with u and v 
independent of z. The longest waves become simple inertial oscillations with frequency f,  
identical with a calculation for oscillations of a particle in the presence of Coriolis forces: 
here it is a slab of fluid.  For shorter wavelength, horizontal propagation occurs, with group 
velocity that limits on c0 . { Of course if we continue to even shorter waves,  (kH0)>1 (that 
is, H0/L >1) we will see short, non-hydrostatic gravity waves. The dispersion relation then 
limits on σ 2 => g |


k | .} 

 
   Inertial oscillations.  The very longest wavelengths yield a frequency of f, the Coriolis 
frequency. In this limit the fluid layer is acting as a ‘slab’, all moving together; it is not really a 
propagating wave at all. It is the same equations as for a single mass point on an f-plane.  
These are inertial oscillations in which the Coriolis force continually deflects the particle (or 
slab) to the right (in the Northern Hemisphere).  It executes a circular anticyclonic orbit with 
‘inertial’ radius | u | / f .  It has no vorticity, since the entire fluid orbits toghther.  We saw in 
the GFD lab the fluid arching to the right in this way, as it flowed out of a glass tube in a 
thin jet. The inertial radius was in fact the radius of curvature of that path (until it began to 
excite a tall, ‘Taylor-Proudman’ vortex in a column reaching to the bottom of the fluid).  
 
   Geostrophic adjustment. Consider an initial-value problem, in which the fluid near the origin 
(x=0, y=0) is given some initial surface displacement, η = η0(x,y).  Unless it happens that the 
initial conditions also have a relative vorticity ζ0 that cancels η0 in the PV,  then that initial PV will not be 
uniform, and each fluid element will retain memory of its initial PV.  Here we will say the fluid is 
initially at rest so ζ0 = 0.   Waves can carry away energy and transmit momentum but they 
cannot ‘radiate’ or carry away PV, unless the fluid particles are carried away (or, viscosity can 
kill off the PV or some external forces might change the PV).   So, we are left with a fluid 
circulation near the origin.   This is known as geostrophic adjustment.   
 
    See Gill §7.2 for one worked out example (the ‘step-function’ initial condition for surface 
height η(x, t=0).   Two more choices are given problems in problem set 2.    A numerical 
solution is shown at the end of this document for a Gaussian initial profile of η.  Α 
Matlab m-file for this can be found in chapter 7 of Holton & Hakim, Dynamic 
Meteorology.    
 
    The equation has much in common with the ‘slab’ of fluid driven by an external force 
worked out earlier: an inhomogeneous system of differential equations.  The ‘righthand 
side’ forcing (F in that earlier case) can be balanced by a steady solution (particular or 
‘forced’ or ‘mean-flow’ solution) while the initial conditions require a second part, the 
homogeneous or ‘wave-like’ solution.  Added together they satisfy both the equation and 
the initial conditions.      
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     These solutions will be posted next week in an update of this .pdf.   
 
  
  
 
 
 
 
        __________________________________________________ 
 
   There is much more to be said about this solution: the relation of kinetic to potential 
energies, the paths of fluid particles, and related solutions with non-zero initial velocity.  The 
solution in Gill 7.2 and Vallis 3.8 uses a different initial condition: a step-discontinuity in the  
free surface elevation at time t=0.  This is more complicated but it does show how the wavy 
part of the solution propagates away, leaving the geostrophically balanced ‘jet’ of flow 
behind at the origin x=0.   The advantage of our solution, which does not seem to appear in   
 

Kelvin waves (Gill 10.4). To finish this section, there is one particular solution for 
waves that does exist for low frequency in this system.  The problem the fluid faces is that 
the Coriolis force deflects the flow unless a pressure gradient arises to balance it (as in the 
adjustment problem above).  We saw how the strength of the circulation is smaller, the larger 
f is, for a given pressure gradient. If, however the fluid has a lateral boundary (a sidewall) to 
lean on, it can begin to ignore the Coriolis force.   This is the sense of the Kelvin wave. 
 
   We look at one more wave solution of the simpler form for zero initial values of η and ζ,  
that is   
     ηtt − c0

2∇2η + f 2η = 0  
We imagine a vertical rigid boundary at y = 0.  It is a peculiar kind of wave that doesn’t 
follow the normal rules of exp(ikx+ily-iσt).   In this problem there are two distinct restoring 
forces, gravity and Coriolis.  In many such problems, with two restoring forces, one finds a 
new class of solutions called edge waves.  They arise mathematically because the boundary 
conditions become more complex with two restoring forces. It relates also the failure of the 
‘method of images’ which is a classic way of solving wave problems with a reflecting 
boundary.  Simply stated, the sine waves derived above are not capable of describing a 
general initial condition, and the Kelvin wave occurs to complete the set of waves. 
       Here go back to the linearized MOM equations and find the relation between 
velocity and surface elevation, η, for a solution that is wavy in time (but not necessarily in x 
and y). With 
(u,v,η) varying like exp(-iσt),  the equations are 
   -iσu  - fv = -gηx 
   -iσv  + fu = -gηy 

                    -iση = -H(ux  + vy) 
These can be solved for u and v as functions of the gradients of η.  Suppose now that we 
have a rigid side boundary on the fluid, a vertical wall at y=0.  There the boundary condition 
is v=0, so that the velocity vector is parallel to the wall. In terms of η this boundary 
condition is 
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   -iσu = -gηx                (12a) 
This is peculiar because it looks like a relationshipf for gravity waves without Coriolis terms 
(with f=0).  Similarly the other MOM equation at the boundary becomes 
   fu = -gηy     (12b)  
which is the geostrophic balance equation in the y-direction.  Somehow the x- and y-
directions are playing very different roles here. To relieve the suspense, we find that there is 
a solution with v=0 not just at the boundary but everywhere in the fluid: the horizontal 
velocity is perfectly aligned with the wall.  Under this assumption the equations are just 
(12a,b) everywhere in the fluid. The solution is 
   u = U exp(-y/RD)exp(ikx-iσt) 
   η = (f RD/g)Uexp(………….) = (H0/g)1/2Uexp(……) 
where the dispersion relation is 
   σ2 = c0

2 k2 

and RD 2 = gH0 /f2.     These are Kelvin waves, with the peculiar property that they are 
trapped near the ‘coastal’ boundary, and propagate along it with a wave speed simply equal 
to the non-rotating gravity wave speed.   They are non-dispersive for this reason.  Another 
remarkable feature is that Kelvin waves propagate in only one direction, for example cyclonically around 
an ocean basin. 
 
 
 
 
 
      ________________________________________ 
 
 
 Kelvin waves are very important in the ocean, where they express much about the 
ocean tides.    The dominant ocean tide at the M2 frequency (period 12.4 hours) is higher in 
frequency than f over most of the world; in many places it excites an oceanic Kelvin wave 
which propagates, as above, cyclonically (counter clockwise in N.Hemisphere) around the 
major ocean basins.  Satellite altimetry shows this precisely (figure below). Constant phase 
curves (like wave-crests) are in white, and you see the amplitude in color rising toward the 
coasts, just as in the idealized Kelvin wave. The US east coast is an exception where the 
wave is nearly in phase from north to south.  As the waves propagate like spokes of a wheel, 
there is an ‘amphidromic point’ which is the hub of the wheel.  The tides amplify also in 
shallow ocean depth regions for other reasons (essentially the energy of the tide propagating 
toward shore being squeezed into a shallower region) 
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The M2 tidal constituent. Amplitude is indicated by color, and the white lines are cotidal differing by 1 hour. The curved arcs 
around the amphidromic points show the direction of the tides, each indicating a synchronized 6-hour period.[ 
 
 The figure below shows a different kind of Kelvin wave propagating eastward along the 
Equator, at 10 day intervals. It is confined near the Equator which acts a virtual wall (f 
changes sign across the Equator and so the Kelvin wave on the north side, propagating 
cyclonically round the basin can ‘lean’ on the Kelvin wave on the south side of the Equator, 
which is propagating cyclonically about the South Pacific).  It is also satellite altimetry 
showing the large-scale sea-surface elevation changes. It uses the density stratification to 
slow down the wave, essentially riding on the density interface at the base of the ocean 
mixed layer (roughly 50m deep).  This slows the wavespeed by a factor (Δρ/ρ)1/2 to a few m 
sec-1 where Δρ is the density difference at the mixed layer base.  Kelvin waves in both ocean 
and atmosphere are key elements in el Niňo – Southern Oscillation cycles, which are in 
many ways the most dramatic climate ‘oscillator’ on Earth. 

 
 
 
_______________________________________________________________________  
Mathematical footnote: Edge waves: the surprising result of mixed boundary conditions.   When you have some kind of 
waves and wish to include a boundary, you anticipate there will be reflection: waves will bounce off walls.  In 
classic waves like light, sound or non-rotating gravity waves we find that the boundary condition for the 
problem is usually ‘simple’, that is, the wave function (here η(x,y,t)) is zero or its normal gradient is zero at the 
wall.  These are known as Dirichlet or Neumann boundary conditions, respectively, in applied math 
discussions.  In these cases reflection is a simple process that can be visualized by the ‘method of images’.   A 
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candle in front of a mirror is reflected and the reflection looks like the candle.  All the sine-wave components 
in the Fourier decomposition of the candle image reflect without a shift in phase  (or if there is a shift in phase 
it is simple, like π radians).   The success of the method of images tells us that the sine-waves making up the 
image are a ‘complete’ set, which fully describe any reasonable image, so the reflection has no surprises in it 
 Consider however some boundary condition that is a mixture of the value η and its normal derivative  
▽η•n where n is a unit vector normal to the boundary.  Then there is  a phase shift between a sine wave hitting 
the boundary and its reflected sine wave.  This is exactly the case for rotating long gravity waves.  It means that 
the method of images fails.  What you see is not a perfect reflection of the ‘candle’ (that is, the incoming wave 
field).  This failure suggests that there is a missing wave mode; something is needed to satisfy the boundary 
condition and complete the family of waves.  This is the ‘edge wave’, of which the Kelvin wave is the most 
famous example.  If you put a ‘paddle’ that generates waves near a rigid side boundary you get not only  a 
reflected wave but also a Kelvin edge wave propagating away, along the boundary.    
 In GFD generally, these mixed boundary conditions arise frequently when there are two distinct 
restoring forces for the wave motion. In the case of Kelvin waves it is gravity and rotation.  The Kelvin wave 
has a gravitiy-wave dispersion relation but is trapped  near the boundary by Coriolis effects. With stratified fluid 
is buoyancy and rotation.  With atmospheric waves it is compressibility of the air and buoyancy of the stratified 
fluid (the edge wave is the ‘Lamb wave’, a sound wave trapped by the stratification. 
 As an exercise it is useful to take the MOM equations for an oscillatory motion, u,v,η  proportional to 
exp(-iσt)η(x,y) and calculate the expressions for u and v in terms of (complex variables) ∂η/∂x and ∂η/∂y. The 
result is 

  
  
u = Re al( g

f 2 −σ 2 (iσηx − fηy )), v = Re al( g
f 2 −σ 2 ( fηx + iσηy ))    

Notice the two extreme limits:  σ/f >>1 which is simple gravity waves and  σ/f<<1 which is geostrophic 
balance.  These show that, for example,  a  rigid vertical wall at x = 0 with boundary condition u = 0 at x = 0 
will require a combination of ηx and ηy to vanish at x = 0. Also, these limits are a good way to check that the 
signs are correct. 
 
 
  
 



             Geostrophic Adjustment in a channel   P. Rhines GFD-1  
     University of  Washington GFD Lab 

  The free surface η of  a single-layer fluid varies in x and t, the time. It is  
uniform in the y dirction (into the screen). But there is velocity in both x- and y directions even though ∂η/∂y = 0.  
This is a finite-difference numerical model which can be explored for a variety of  initial conditions η0(x). We can also 
add forces (a ‘wind-stress’ down the channel, in the y-direction) and simple friction forces. 
     We plot the pressure field (proportional to the fluid surface height η(x,t)) and in the x,y plane (viewed from above, 
particle paths showing the developing geostrophic flow and waves in the y-direction (normal to the profiles of  η).  
  The channel is 1000 km wide and 1 km deep, with a gravity g that is reduced to g’ = 0.02 m sec-2 instead of  g=9.8 m 
sec-2, in order to simulate internal gravity modes and geostrophic flow.  This makes the long gravity wavespeed  

  c0 (=(g’H)1/2) = 4.5 m sec-1. 
Thus the Rossby deformation radius RD which takes on 3 different values   
                  RD = c0/f   = 45 km,  135 km, 4500 km  
in the three runs. The length scale of  the initial pressure field (η- field) is about 1/10 the channel width or 100km 
(using the length scale a in η= exp(x2/a2) initial condition).  Thus the key parameter,  length-scale/deformation radius   
                                                 = 2.22,  0.74, 0.022 in the three experiments 
Most of  the initial PE is captured by the geostrophic mean flow into and out of  the screen when a/RD=2.22, roughly 
half  when the ratio is 0.74, and very little at 0.022. 
    Large-scale initial conditions project strongly on the geostrophic mean flow.   
    At small scale, the gravity-wave frequency σ=c0k is much greater than f, so the waves don’t feel Coriolis (except for 
a slight mean flow and mean surface elevation).  
    Note that the times are not the same in each set of  plots.  Accounting for this, what values of  a/RD give the 
maximum mean flow (maximum mean KE) in the geostrophically balanced part of  the flow? 
      A similar model can be found as a Matlab m-file in chapter 7 of  Holten & Hakim’s Dynamic Meteorology. 



rr 	  
	  



rr 	  
	  



rr 	  
	  


	lec7-8-gfd1-2015-tempd
	geos-adj

