
Problem Set 1   Solutions    GFD1 Winter 2011   P. Rhines,  A.Gray   out: Friday 7 Jan 2011 back: Friday 
14 Jan

1.   Suppose we heat a small sample of  dry air confined in a 
cylinder.   
  o Calculate the change in thermal energy for a temperature 
rise ∆T if  the volume is held constant.    Now, suppose the lid of  
the cylinder is free to rise, but is held down by a weight, which 
balances the pressure force from the gas in the cylinder.   Initially 
it has the same volume as the rigid cylinder.      Calculate the 
change in thermal energy E if  the heat addition is the same as 
above.   For this cylinder also calculate the change in gravitational 
potential energy PE caused by the rising lid.   What is the ratio 
∆PE/∆E?          

Note: energy per unit surface area has units J m-2 or kg sec-2 
    The key here is to connect the pdv term in the 1st law energy 

eqn with change in PE: pdv = force/area x (distance*area) = force x distance.  This will equal mg∆h of  the 
lid if  atmospheric pressure is much less than mg/area; in any case pdv gives the PE change of  weight + 
atmosphere.  
    So, ∆E = d*Q = Cv ∆T1 in the first case with fixed volume.  In the case with the moveable lid, pressure is 
constant but ∆E = Cv ∆T2 as always (E = CvT forever in an ideal dry gas)     Here it’s easy to find the ∆PE 
term since it equals
    p ∆v = ∆(pv) = ∆RT=R ∆T. 
    So,
    ∆PE/∆E = R ∆T/Cv ∆T = R/Cv = (Cp - Cv)/Cv
                                            =γ-1 = 7/5 - 1 = 0.4.  
Note this does not depend on ∆T.   This shows that a significant amount  (29% = ΔPE/(ΔPE+ΔE)) of  
heating of  an ideal atmosphere goes into PE which is then ‘available‘ to create circulation.                            

            o For an isothermal atmosphere (as in the last page of  Lec 2 notes) make the same calculation: what 
is  ∆PE/∆E  if  there is a uniform temperature rise ∆T throughout? That is, The idea is to have an 
atmosphere with uniform temperature at all z   (all heights), say 270K,  and change it by a constant 
amount ∆T  [delta T] everywhere to another constant value, and calculate the change in PE and E due to this 
change.

   Here we take the basic isothermal atmosphere (the final page of  lectures 2/3 notes) where pressure and 
density vary as exp(-gz/RT).  RT/g = Hs  the scale height of  the density field. If  it is heated, each fluid parcel 
will continue to have the same mass of  air overhead, hence the same hydrostatic pressure….it’s an isobaric 
heating.  Each horizontal slice of  this air column acts like the small air volumes in part one above...so the 
answer will be the same. But, the detail is interesting.
    ∆E = Cv ∆T per kg or a total of  MCv ΔT per m2 surface area where M is the mass of  the atmosphere.  
.   With   ρ=ρ0 exp(-gz/RT), the potential energy is mgh where h is now the center of  gravity, so this is           
g ∫ρ z  dz per unit area (units kg m2 sec-2  per m2 ).  Now integrate by parts:                    
        ∫z exp(-az) dz = ∫a-1exp(-az) dz - [z/a exp(az)]z = ∞ = a-2

Thus it seems that PE = simply ρ0(RT)2 /g+ const.  = ρ0gHs2 + const.   (units: kg sec-2  = energy per unit 
surface area). So ΔPE = ρ0 gHs ΔHs.  Now M = ρ0 Hs so   the ratio 
  ΔPE/ΔE =  ρ0 gHs ΔHs/MCvΔT =  R/Cv =  γ-1  same as in part one.  
 



 o  Now, suppose a similar experiment is done at the top of  the ocean: heat a  layer of  thickness h by 
an amount ∆T.   What is ∆PE/∆E and how does it depend on h?  Use the observed thermal expansion 
coefficient given in Gill’s Appendix table A3.1 (choose some temperature to start with). 
       Here we take a slab of  upper ocean;  
   ΔE  = Cp ΔT -  Δ(pvs)   (= Δ(enthalpy) -Δ(pvs)  per kg. where enthalpy = E + pvs .
However the expansion coefficient is so small that the 2d term can be neglected hence the general use of  
CpΔT as the internal energy increase. For the whole layer this is  ρh Cp Δ T  (in J/m2 which are also kg sec-2;  
m is mass/area = ρh ).  More accurately we would subtract the p Δvs  We will need to use the thermal 
expansion coefficient,
                  α = -(1/ρ)∂ρ/∂T
 ΔPE is given by          Δ ∫(ρgz dz) = Δ(½ρgh2).  (units: kg sec-2 = energy per unit area)   We know mass is 
conserved as we heat, so ρh = constant  so 
                                    Δ ∫(ρgz dz) = ½ρghΔh.
 Now  Δρ/ρ = -α ΔT  and so Δh/h = -Δρ/ρ  so    Δh =   hα ΔT  
and Δ ∫(ρgz dz = ½ ρgh Δh = ½ ρgh2  α ΔT        
    The ratio ΔPE/ΔE =  ½ ρgh2 α ΔT /ρhCpΔT = ½gh  α/Cp.   If  h = 10m, α = 3 x 10-4 K-1 and Cp = 
4000 J kg-1 K-1 then 
    ΔPE/ΔE = ½ghα/Cp  = 4 x 10-6

Notice that unlike the ideal gas case, the thickness h of  the fluid layer affects the result. Almost all the heating 
of  the upper ocean goes into thermal energy, but the PE change per Joule of  heating increases with h.   With 
the atmosphere, the scale height Hs =RT/g ~ 7 km is a key variable and here Cp/gα ~ 1300 km is a height 
measuring the efficiency of  changing PE with heating/cooling...that requires quite a deep ocean to make PE 
efficiently!

 o  What do these results suggest about the A/O heat engine?  Solar energy warms the ocean and (to 
a lesser extent) the atmosphere directly.  Oceanic heating of  the atmosphere accounts for roughly 2 pWatts of 
the 4 pWatts of  poleward heatflux in the atmosphere. Heat storage in the ocean goes predominantly into E, 
internal thermal energy and much less into PE change (but, having said that, the buoyancy forcing of  the 
ocean is important in the global oceanic MOC (‘conveyor belt’).  
{The situation is that the ocean surface is at atmospheric pressure, so the upper ocean can expand at constant 
pressure, rather like the gas with a lid that can rise.
   However  the ocean case comes out differently because:  
o  the numerical expansion coefficient α  is much smaller for ocean water than for air at the same 
temperature.
o  the potential energy is 1/2 mass x g x h and so the change in PE is 1/2 mass x g x δh. Note here that mass 
= ρgh     per square meter of  horizontal area and so ρh = constant.
o  the internal energy change is approximately  δE = Cp δT   (this is true because the expansion is so slight); 
this is not a perfect gas so we don't have a simple relationship like E = CvT. Values of  Cp are given in a table 
in Gill p. 603 }

2.  The 100 cm tall tube in the figure is closed at the top on the left side. Mercury fills it to a 
height 50cm. Air at atmospheric pressure fills the rest of  the tube on the left side. The initial 
temperature is 300K, and then the trapped air is heated. 
   o find the temperature T at which the air column at the left is 60 cm long. 
Take atmospheric pressure to be  75 cm of  mercury (i.e., the pressure at the base of  a 75 cm 
column of  mercury), assume this stays the same.   Neglect any expansion of  the mercury.
   o Sketch the isotherms at 300K and at T on the pressure-volume (p-v) plane, and show the 
curve representing the process followed by the air captured in the tube as the temperature rises. 



Using ideal gas eqn of  state,  
P2vs2
P1vs1

=
T2
T1

. The ratio of  volumes is 6/5 and the ratio of  pressures (using 

hydrostatic balance) is 
P1(1+ 20 / 75)

P1
  since P2 = P1 +extra pressure due to 20 cm more mercury, which is a 

fraction 20/75 times atmospheric pressure.  Therefore 
T2
T1

 = 1.519 or T2 = 455.7 K or 182.6 C.   

Considerable heating required to do this modest increase in volume!

The isothermal curves on the p,v plane are hypberbolas, pv=const. During this experiment the gas runs from 
smaller p and v to larger p and v.  During expansion of  the air volume the mercury column is pushed up in 
proportion to the volume change of  the gas.  Yet also during the expansion the pressure in the gas is equal to 
the hydrostatic pressure in the righthand column at the level of  the gas-liquid interface. This tells us that the 
gas pressure increases linearly proportional to the height change, Δp = 2ρmercuryΔ η = 2ρmercury ΔV /A 
where η  is the upward displacement of  the mercury column and A is the cross-section area of  the 
tube. Thus the pressure changes linearly with the volume, Δp = const x Δv.   But the slope of  the 
curve Δp/Δv =  2gρmercury/A,  so the point moves out a straight line from from the colder to the 
warmer curve.  This gives the slope of  the curve and the origin can be found by imagining the 
(extreme) event of  cooling the air down to absolute zero Kelvin. Since the hydrostatic relation 
would still determine that the pressure is finite, the volume vs => 0.  So our straight line passes 
through vs =0, p = pa -100 cm mercury = -0.25 pa where pa = atmospheric pressure.  Negative 
pressure? What?  It is possible: fluids can be in tension as well as compression although they tend to 
rupture. 

3.   Evaporation at the sea surface removes about 1 m per year as a global average, which rains out both 
locally and far away; the evaporation is greatest in the tropics and subtropics (see Lec 2 notes). Using the 
latent heat values for water (see Gill §3.4, eqn 3.4.6), how much power in Watts does this represent?   Use a 
sea surface temperature of  25C.  The poleward heat flux (carried by the MOCs of  A and O together)  is 
about 6 petaWatts (6 x 1015 W) at its maximum; how does this compare with the latent heat flux from the sea 
surface?  Gill gives in Appendix Two some more useful numbers. A number not given there is the number of  
seconds in a year: π x 107 very closely!
 Comment on the relationship between these two numbers (the evaporative energy per sec versus the 
poleward flux of  heat). 
     Area of  ocean surface  A =3.6 x 1014 m2 ; latent heat of  evap L at 30C ~ 2.5  x 106 J/kg; sea water ρ 
~ 103 kg/m3.   Energy required to evaporate 1 m of  water = ρA h L  = 2.5  x 106 J/kg x 3.6 x 1014 
m2  /π x 107  sec yr-1 = 28.6 x 1015 W = 28.6 petaWatts.
~ about twice the max poleward flux of  thermal energy or 4.5 times the max poleward flux of  latent  
heat.   This says that quite a bit of  the evaporated water recycles locally or moves east-west without 
flowing northward.  By recycling we mean it rains back out, leaving the thermal energy in the 
atmosphere where it can radiate to space without flowing poleward.  We should be able to see this 
with maps of  E-P which should be << E if  this is correct.  The guess of  1m evaporation needs to 
be looked at...an estimate by Ray Schmitt of  Woods Hole Oceanographic Inst.(Oceanography vol 21, 
March 2008) is that about 13 x 106 m3 per second is the average ocean evaporation...that is 13 
Sverdrups ( a Sverdrup is a measure of  ocean or atmospheric currents’ volume flux, 1 megatonne 
per sec or 1 million cubic m per second).  Divided by the area of  the oceans this is 1.33 meters per 
year so our guess was not too far off!  Of  course evaporation is greatest in tropics and subtropics, 
which adds to the story.  



4.   Meridional global heat flux.   We observe that there is a MOC (meridional overturning circulation) in the 
atmosphere with air moving poleward aloft and equatorward below.  (This tends to be single cell if  one 
uses an MOC that tracks air parcels;  the Ferrel Cells that appear in the textbooks are an artifact of  simple 
zonal averaging.)  This MOC provides roughly 4 pW heat flux from tropics toward the pole.   Now, the air 
is cold aloft and warmer below. We might try expressing poleward heat flux  as  ρCp T V  where V is now 
north-south velocity.  We could integrate this vertically. But, clearly this would lead to equatorward heat flux 
since the northward moving air is colder than the southward moving air.   Try to resolve this paradox 
discussing the full energy equation (Gill 4.7, 4.8).  Ignore water vapor effects (dry air).   You might sketch 
the trajectory of  an air parcel in the (y,z) meridional plane with heating in the tropics and cooling at high 
latitude. Then sketch its path on a pressure-volume diagram (that is specific volume. 1/density).  Supposing 
this forms a closed curve on the p-vs plane,  what is the significance of  the area enclosed by the curve, 

 
p dvs∫ ? 

       This problem simply asks us to think about the full energy equation and particularly that dry static energy  
E  +pvs + Φ =   Cp T +gz  has the right behavior…. increasing upward so that excess d.s.e. is moving 
poleward.  See Gill  §4.8
It would be nice to make plots from observations. 
     Here  it is sufficient to show that d/dz (CpT +gz) > 0; that is the negative temperature gradient is small 
enough, | Tz | < g/Cp = 10/1000  = 0.01 degrees per m, or 10K km-1 .    This is the adiabatic lapse rate,  Γ 
=gαT/Cp = g/Cp ≈ 10/1000 (Gill §3.6).    The condition that the d.s.e increases upward is always satisfied if 
the temperature gradient is on the stable side of  adiabatic (well mixed, no gradient of  potential temperature). 

=========
The lecture notes have an error after equation (2) where it says:
    "Cv = dE/dT at constant volume vs.
     Cp = dE/dT at constant pressure p"
This should be based on the heating and not the change in E:
                   " Cv = d*Q/dT = T dη/dT at constant volume vs.
                     Cp = d*Q/dt = T dη/dT at constant pressure p "
(see Gill p 42); it was correctly stated on the next page of  our notes.
     A perfect gas has E =CvT for any kind of  process so the first line is dE/dT for any process but the 
second line would be Cp = dh/dT for any kind of  process where h = E+p vs is the enthalpy (vs is specific 
volume). This latter is true for any process, not just constant pressure. To see this, write  dh = d(E+p vs ) = d
(CvT + RT) = (Cv + R)dT= Cp dT for a perfect gas, just as E = CvT for a perfect gas, in general and 
regardless of  the process.


