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1. Geostrophic balance.  Consider a circular vortex whose azimuthal velocity is 
          uθ = A (r/a) exp(-r2/a2)    
 We are using polar coordinates (radius, azimuthal angle) =(r,θ) which are related (x,y) Cartesian coordinates:     

tanθ=y/x;   r2=x2+y2  ; positive uθ is cyclonic. ur is the radial velocity component. 
The fluid is a single homogeneous layer with a free surface.  Solve for the pressure field p(r) and surface height 
field, η(r).  This is a rotating fluid, and the radial component of the horizontal MOM equation is  
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Notice the centripetal acceleration which we have described.   Supposing the flow to be steady and 
axisymmetric, the first two terms vanish.    

    o   Solve the remaining terms for p and use hydrostatic balance to give η.  Sketch the solution.  
    o   Comment on the solution, and the difference between cyclonic and anticyclonic flow, for various 

values of the appropriate Rossby number, Ro.  
    o   What is the total vertical vorticity in this vortex, integrated from r=0 to r=∞? 
 
 2.  The mass transport of a jet stream or Gulf Stream in kg sec-1 is the integral across the flow of                  

ρ x horizontal velocity, and then integrated vertically, e.g. ∫∫ρu dy dz.  Assume ρ is constant, 103 kg m-3.  Show 
how this relates to the pressure field, assuming geostrophic balance.  

      o If the sea-surface height difference from one side of the Gulf Stream is one meter, and the velocity u 
has a constant value from surface to 1 km below the surface, what is its mass transport? (mass transport is  kg 
sec-1; 1 megatonne per second (109 kg sec-1 ) is known as 1 Sverdrup).   Use f = 10-4  sec-1. 

      o  For midlatitude, circular, cyclonic vortex in the atmosphere, what would its mass transport (in the 
azimuthal direction) be if its central pressure were 900 HPa and the pressure at larger radius were 1000 HPa?  
Assume this pressure difference extends over 3 km vertically and crudely use a constant density of 1 kg m-3, what 
is its round-and-round (azimuthal) transport in Sverdrups?  

 
3.     Geotrophic balance.  A classical solution for steady flow round a cylindrical obstacle in a single-layer fluid 

shows how the pressure varies, using Bernoulli’s equation. The theory for non-rotating flow is given in 
Bretherton’s lecture 21 (posted on our web page), using cylindrical coordinates as above. He solves for the 
stream-function for the flow, ψ(r,θ).  Add rotation to this problem and show that we can have exactly the same 
flow field but that Coriolis forces alter the pressure field.  The key result in his lecture 21 is that the 

streamfunction for the flow is ! =U(r ! a2 / r)sin" where (r, θ) are polar coordinates, a is the cylinder 
radius and U is the constant upstream mean flow (check out that r=a is a streamline).  

     o Proceed by writing geostrophic balance in terms of pressure and ψ rather than pressure and velocity.  
Thus solve for the geostrophic pressure in terms of the known streamfunction.   This new contribution to p 
adds to the p-field found in the non-rotating case. 

     o  Sketch or plot with Matlab the pressure field, describing how it varies with Rossby number, Ro. This 
problem shows that approximately geostrophic flows need important, non-geostrophic, pressure variations in 
order to balance fluid acceleration.   

    o  The effects are summed up by writing equations showing the gradients of pressure along and across 
steady streamlines.  Do this without making the geostrophic approximation, by assuming the streamline is locally 
an arc of a circle with radius of curvature R. (Use the above radial MOM equation and Bernoulli’s equation).  

 
4.     Fluid particle paths in long gravity waves with rotation.  The fluid is a single homogeneous layer.  For a plane 

wave η = A cos(kx –σt) = Real(Aexp(ikx –iσt)), calculate the horizontal velocity components, (u,v) using the 
linearized x- and y MOM equations.  What is the ratio of amplitudes of u and v, as a function of f and σ, and 



what is their phase relationship?  Since the paths of fluid particles (X(t),Y(t)) are time integrals of these velocity 
components, this result tells us about the shape of their elliptical orbits.  Thus discuss how the particle paths 
depend on the frequency σ by comparing the u and v velocity components.          


