
GFD1-2011  Review Problems - Prob Set 3.2  more discussion and solutions            Out: 
Weds 2 Feb 2011
  Turn in any 5 of  these problems                                     Back: Fri 11 Feb 2011

1. Show, using scale analysis that the hydrostatic approximation for long gravity waves (in a single 
fluid layer with uniform density ) is valid if           (H/L)2<< 1.  (Note that this is ‘easier to 
achieve’ than H/L << 1).  H is here the mean depth of  the fluid; more usually H is the vertical 
length scale of  variation of  the velocity or pressure.  

     
  This problem you might call ‘advanced scale analysis‘ because we need to go beyond a one-step 
comparison of  neglected/retained terms in an equation.   While gravity is a vertical force, the 
dynamics of  long gravity waves are really horizontal: the x-acceleration driven by hydrostatic 
pressure gradient.  Thus we need to look at ∂p’/∂x and not just p, and compare with ∂η/∂x Take the 
simplest case, f=0, N=0.   The major difficulty is that u and w do not have the same vertical length 
scale:  w varies vertically with the scale H0 , the depth of  the fluid layer. But u varies much less over 
than same depth...it is nearly uniform in z, as you see in the lab (long, nearly hydrostatic waves have 
u varying only slightly with depth, driven by a nearly uniform  ∂p/∂x ~ ρg∂η/∂x pressure force.   
We see this because from MASS conservation  ux + wz = 0 so U/L ~ W/H0 but  it is also true [from 
∂/∂z(x-MOM) -∂/∂x(z-MOM)]  that uz= wx   so the vertical scale of  u is large =  LU/W = L2/H0 
>> H0 .

      The vertical MOM equation for linearized motions is  wt = -pz/ρ - g and write the pressure as 
the sum of  hydrostatic part and whatever is not hydrostatic (p’): 
   p = ρg(η-z) + p’ .
 Now look at the x-MOM equation:
     ut = -px/ρ  = -gηx - p’x/ρ 
The ratio of  the neglected/retained terms here is  
  ~ p’/ρgη          (1)
where L is the horizontal length scale. So we need to relate p’ and η to make progress. Consider the 
part of  u that varies in z, say u = U(x,t) + u’(x,z,t).   u’ is what balances the non-hydrostatic part of  
the pressure, p’, in x-MOM:  
                          u’t = p’x/ρ  => p’ ~ ρu’ L/T
Also  [from ∂/∂z(x-MOM) -∂/∂x(z-MOM)]     u’z= wx       => u’  ~ wH0/L  since u’ (not U) does 
vary with vertical scale of  the fluid depth….that is how it is defined.  Therefore
                  p’ ~ ρwH0/T
Combine this with 
                  w ~ η/T
to give                   p’/ρgη  ~ wH0/ gTη ~ H0/gT2 

 But 1/T is just the wave frequency, (gH0)1/2 k2 so  T2  = L2/gH0 

      p’/ρgη ~ (H0/L)2   << 1
which we wanted to prove.
    A key idea here is that whatever their wavelength, gravity waves like this are irrotational..have no 
vorticity in any direction.  That’s what gives us u’z= wx       => u’  ~ wH0/L 

  There are other ways, for example using the full solution for gravity waves of  any wavelength (not 
just hydrostatic), with finite mean depth H, you can show that solution obeys hydrostatic balance 
when (H/L)2 <<1.  
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2. Describe qualitatively the geostrophic circulation suggested by the dynamic height field (0 to 
1000 decibar) in the ocean circulation shown in Gill fig. 7.8a(i). Make some estimates of  surface 
velocity, and sketch the flow directions in the Pacific. In the ocean this calculation is ‘difficult’ 
because from hydrostatic balance and density measurements we know only the difference in 
pressure between two levels in z, and not the absolute pressure.  Here we assume that the flow at 
1000 db (about 1000m depth) is very small compared with the surface flow.  Satellite altimeters 
help greatly, although they too cannot ‘see’ the time-averaged sea-surface height. Below is an 
estimate from altimeters and drifting buoys on the sea surface, of  the ‘missing information’, the 
actual surface geostrophic circulation of  the ocean. The difference in circulation between the two 
data sets should be equal to the circulation at 1000 db.  The figure attached here shows major 
anticyclonic gyres (red)  in the subtropical oceans although the N Atlantic and N Indian oceans 
are not as obvious as we would expect. These are high pressure, high surface elevation features. 
Cyclonic gyres (blue) are low-pressure features in the high latitude  N Atlantic, N Pacific. In the 
Southern Ocean where we expect cyclonic gyres, instead the ACC (Antarctic Circumpolar 
Current) has a downslope in the surface elevation as one goes southward.  This is current has the 
biggest volume transport of  any ocean current, and is largely driven by the strong westerly 
(eastward) winds. The dynamic height change, of  order 2m, is huge.  The Gulf  Stream, by 
contrast, has a height difference of  roughly 1 meter. 

          The hydrographic chart in GIll, unlike the Niiler-Maximenko chart, is constructed from 
density observations (from temperature and salinity vertical-profiles). It has many of  the same 
features for the Pacific but is based on the thermal wind equation: it is the difference in horizontal 
circulation between the sea surface and 1000 m depth.  The two figures should agree if  the 
circulation at 1000db depth is weak.   There is some tendency for circulation at high-latitude to be 
more barotropic (not varying in z) than at low latitude where stratification is stronger.  This may 
explain the relatively few contours  in the ACC (in Gill’s chart, which represents baroclinic 
component) compared with the color chart of  surface height and hence surface circulation. 
Generally these estimates of  time-average circulation are weaker than the full current seen in a 
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‘snapshot’ of  the ocean such as one gets from satellite altimetry. In Gill’s plot has about 0.6 m height 
difference from the center to the edge of  the subtropical N Pacific gyre; the color surface height 
chart shows about 0.7m height difference. Across the ACC Gill’s chart shows about 0.8 m height 
difference while the color chart has closer to 2m.  
3. Jupiter is a ‘gas giant’ planet, with mass exceeding that of  all the rest of  the solar system 
(excluding the sun)… a ‘failed star’.  More heat flows upward from its core than is received in 
sunshine.  It rotates more rapidly than Earth (the visible ‘weather layer’ day is about 9.9 Earth hours 
and Earth would fit comfortably inside the Great Red Spot).  This internal heating drives 
convection, with gas (hydrogen and others) rising in plumes through many scale heights of  pressure 
and density.  On Earth we have seen model tornadoes which spin because fluid is sucked into their 
centers before rising upward.  How would the spin of  a Jovian tornado differ from an Earthly 
tornado, given that blobs of  gas rise through many scale heights on Jupiter whereas on Earth they 
rise through only a fraction of  a scale height?  Here we are looking for a qualitative argument based 
on the figure-skater effect;  in O and A where the change in density is not very great over the 
vertical scale of  thermal convection (of  course big enough to make buoyancy contrasts), the 
horizontal convergence is nearly equal to the vertical stretching so we get tornado vortices from the 
inflow of  fluid toward the axis of  the tornado. How is the fluid rotation developing up above where 
fluid is diverging away from the tornado axis?   How might this change when a buoyant plume of  
gas rises through a huge change in pressure, as on Jupiter? If  a buoyant plume rises through a huge 
change in pressure (over many scale heights), it will expand.  Its horizontal divergence, through the 
vorticity equation, produces spin...vertical vorticity. This we expect to be much greater vorticity 
change than in a Boussinesq fluid (where the density change experienced by a fluid parcel is small, 
even though buoyancy effects can be strong.  At the base of  the tornado fluid is drawn in and spins 
cyclonically (assuming it starts with some planetary vorticity); where it rises and exits it flows 
outward reducing the cyclonic spin; on Jupiter the expansion aloft would suggest a strong 
anticyclonic spin at the top. 

4. Give a physical argument for the effect of  compressibility on the buoyancy frequency, N.
Done in class: the expansion of  a fluid parcel as it rises will decrease its density, making it more 
buoyant and reducing the buoyancy force that is pulling it back down to its equilbrium depth. 
5. Describe as completely as you can the dynamics of  the tornadoes seen in the GFD lab.
  Angular momentum concentration by inward motion of  rings of  fluid: but how do they travel to 
reach the center tornado?  Creating the extra spin requires doing work and the fluid may not have 
the energy source to do so.  The result is that the fluid takes the easiest way in to the center, in a 
viscous boundary layer at the bottom of  the fluid. This is quite realistic, as tornadoes in nature can 
be seen flowing in to the center near the ground, carrying dust and heavy objects. It’s interesting to 
work out the pressure field for a tornado assuming its angular momentum does not vary with r (as if 
rings were converging without losing angular momentum. Thus rv =const (v is the azimuthal 
velocity), and the vertical vorticity is zero.   The pressure and hence the fluid surface elevation then 
obeys  ρv2/r = ∂p/∂r which gives p = gρη ~ const x -1/r2 ~ gρη
6. How would you use a balloon and thermometer and a measuring ruler to determine, in the lab, 

the temperature of  absolute zero in Celcius degrees?  To do this, you will want to devise a way of  
measuring or calculating the relationship between pressure inside the balloon and its volume. And, 
you will need a heater. You can make a theory of  balloons which does this, but for now suppose 
you measure the relation between p and vs in the lab and also use pvs = RT.    As we did in the 
first lab of  the term, measure and plot vs for a few values of  temperature, and fit the data to the 
curve p(vs).  Then the extrapolation of  the data to zero volume gives an estimate of  absolute zero 
temperature in Kelvin degrees  This problem makes use of  the idea that the balloon provides a 
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unique relationship between pressure and volume while the equation of  state still holds.  This 
same thing happened in the U-tube problem in Problem Set 1. 

 
7. The equation for conservation of  mechanical energy (KE + PE) for a single-layer fluid is in  Gill 

§5.7. Suppose you sit by the sea at a narrow entrance to an enclosed ocean bay.  You can measure 
the tide there, which has an elevation η = A cos (σt + φ1) and velocity (into and out of  the bay)

     u = B cos (σt + φ2).   σ = 2π/(12.4 hours)  is the M2 lunar tidal frequency. φ1 and  φ2 are  
     constants which describe the phase of  the tidal velocity and elevation.   The entrance to the bay 
     has mean depth H0 and width L0.    What is the rate of  dissipation of  kinetic energy by friction
      inside the bay, in Watts?  Here we equate energy flux through the boundary of  a fluid region 
with energy dissipation inside, assuming that over many tidal cycles the change in total KE + PE in 
the fluid is negligible.  We don’t need to know the details of  the viscous dissipation, just that it 
happens and is the only way to balance the input of  energy from the boundary (the narrow 
entrance). 
   The energy equation is often written as dE/dt = -∇*F where E is energy density (per cubic meter 
or per kg of  fluid) and F is the vector flux of  energy (including creation by pressure forces).  But 
here we integrate this equation over the whole fluid and with the divergence theorem equate the rate 
of  change of  total KE+PE to the boundary flux of  energy, which is what you want to do here. 
Review the KE + PE conservation of  energy equation for the single-layer equations in Gill, 
focusing on the boundary flux of  energy (linearized so there is no advection of  KE, u*KE).  You 
can show that depending on their phases relative to one another η and u, energy can be going into 
the bay, coming out or  neither.  Here we use the idea that the bay forms a closed fluid system with 
only the narrow entrance driving motions there.  So, on average, of  energy flux into the bay is not 
zero, there must be an equal dissipation of  energy by viscous forces.  The energy flux is calculated 
from shallow-water energy equation in Gill:   ρgH0L times the average of  uη.  The average product  
<A cos( σt + φ1) B cos( σt + φ2)> is found using  
cos(a+b)=cos a cosb - sin a sin b, 
cos(a-b)=cos a cos b + sin a sin b
   add these to get 2 cos a cos b = cos(a+b)-cos(a-b)  so
<A cos( σt + φ1) B cos( σt + φ2)> = 1/2 AB<cos(2σt + φ1 +φ2) + cos( φ1 - φ2)>
                           = 1/2 AB cos( φ1 - φ2)
This gives the desired result: the more the velocity and pressure are in phase with one another, the 
more the energy flux. If  the tide reflects to form a standing wave, energy will go out of  the bay as 
well as come in, and the phase difference will be close to π/2...no net energy flux. 
8. In our study of  geostrophic adjustment in a single-layer fluid, an initial ‘hump’ or ‘hill’ of  fluid 

elevation η(x),  we argued that after adjustment the hump would be wider by a distance RD, (=C0/
f, the deformation radius).

• Using scale analysis or the exact solution for the sine-wave initial η(x), determine how far in 
the x-direction a fluid parcel will move from beginning to end of  the adjustment. This 
suggests you look at the MASS conservation eqn.  for this incompressible fluid (with ∂v/∂y 
= 0) and do a scale analysis to relate the downward motion beneath the crest (and upward 
motion beneath the troughs, the minima of  surface elevation) to the horizontal movement 
of  the fluid. Visualize the whole life cycle from t=0 until the geostrophic flow is 
established. This suggests a distance in x that a fluid parcel will travel on average (and it’s 
not the same as Rd).  The MASS conservation equation tells us that ux + wz = 0, and here 
wz = ηt/H0.  This connects downward movement of  the fluid surface to horizontal 
divergence, ux.   Now the horizontal displacement X(t) obeys dX/dt = u, and thus with
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              u ~ wL/H0 ~ ηL/H0T  where T is the timescale, so the movement of  the fluid horizontally during 
the geostrophic adjusment,    ∆X ~ U∆T ~ ∆η L/H0. This is different in general from the distance that the 
initial hill widens, which is ~ Rd ~ c0/f  . 
• What initial width of  the hump will yield the strongest gestrophic velocity after adjustment?  

There must be an optimal width, L, to make the greatest mean v-velocity since for very small L , 
the geostrophic v is small and so it is too for very large L.We notice that very narrow initial 
conditions produced mostly gravity waves with a very weak mean geostrophic flow, which very 
wide initial conditions (L >> Rd)   are very close to geostrophic balance: just a small change in 
surface elevation η occurs, and the flow’s KE is small.  So, the maximum KE comes somewhere in 
between: we would guess at L ~ Rd.  To calculate this look at the particular (steady) part of  the 
geostrophic adjustment solution.  It is the first term of

   and the maximum amplitude of  ∂η/∂x (~ k0/[1+k02Rd2] )  occurs at  k02Rd2 = 1, that is, when the 
initial hill has a horizontal scale equal to the Rossby radius. 
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This simple conclusion has great significance: in the rather complicated process of  baroclinic 
instability, where a zonal flow breaks into waves and then ‘storms’ or eddies in the oceans, the length 
scale of  those waves and storms is also Rd (about 1000 km in the atmos, 100 km in the oceans).  It 
seems that Nature is choosing to break down its polar front (sloping density surfaces) in a way that 
maximizes the KE of  the storms or eddies produced!  

9. Long, hydrostatic internal gravity waves, p’ = Real(exp(ikx + ily - iσt) have the dispersion relation 
   σ2 = f2 + N2 ( k2+l2)/m2        (this is the hydrostatic limit of  the full internal 
wave dispersion relation). 
o Sketch a drawing of  the 3-dimensional surfaces σ = constant in (k, l, m) wavenumber space for 
several choices of  σ.  o What is the direction of  the energy propagation on this diagram (using 
group velocity ideas)?  How is the angle of  the group velocity Cg = (∂σ/∂k, ∂σ/∂l, ∂σ/∂m) related 
to the wave crests (wave crests are planes of  constant phase, kx + ly +mz -σt.  They lie 
perpendicular to the vector wavenumber, (k, l, m)).   
    o  Show that in an incompressible fluid with this kind of  wave, the fluid velocity lies parallel with 
the wave crests  (hint, use the MASS conservation equation in vector form,  ∇ • u = 0 , and 

substitute a wave solution of  the form   
u = real(


U0 exp(i


k • x − iσ t))  showing that  


k •

U0 = 0

 

U0 is a constant vector.   A quick way to find the direction of  the group velocity is to realize that the 

wave frequency does not vary with wavelength, but only with direction of  propagation. This means 
that the group velocity results only from changing the direction  of  the wavenumber vector and not 
from changing its magnitude.  Hence Cg  is perpendicular to  


k , or parallel with the planes of  

constant phase (the ‘wave crests’). 

10.   We gave the general solution for propagation of  long hydrostatic gravity waves without 
rotation. 

      A initial ‘hump’ of  surface elevation η(x) splits into two humps which propagate left and right
      without change of  form, along group velocity lines (‘characteristics’ of  the hyperbolic p.d.e.) in
      an   x-t Hovmoeller diagram.   o  Using group velocity ideas sketch the approximate wave field 
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      η(x,t) on the same diagram when rotation, f, is included.  o  The solution with f  = 0 (ordinary 
gravity waves or vibrating string) we gave had zero initial
      velocity, u=0 at time t=0.  Can you give the more general solution when both u(x) and η(x) are
      given and are non-zero, at the initial time, t=0?
This will be described in class:  sketch on the x-t diagram where the fastest group velocity waves go 
(they are the leading edge of  the wavefront).  These are the shortest wavelength waves. Then behind 
them come the longer wavelength waves because of  their slower group velocity Cg. 
11.  An airplane flies eastward at 300 m sec-1 along latitude 45N feels a Coriolis force. How does  
       the magnitude of  the Coriolis force compare with its weight?  Do we need to know its mass
       to answer the question? Coriolis/weight = fu/g  ~ 10-4 u /9.8 ~ 3x10-3.  
12.    In wintertime, the stratosphere is rapidly cooled by radiation near the ‘winter’ pole. Suggest 
qualitatively (or semi-quantitatively) the zonal circulation that develops, centered on the pole.  
Typically the temperature at the pole is 30C colder than at the same pressure level, at latitude 60.  

• What is the vertical wind shear that results?  Use the thermal expansion coefficient for an 
ideal gas, α = -1/ρ ∂ ρ/∂T  which is equal simply to 1/T.   Thus thermal wind balance is

  ∂u/∂z = -gα/f  ∂T/∂y ~   10/(10-4 300)  30K/3000x103m = 3x10-3            30 
m/sec over 10 km of  altitude. 

 • What horizontal wind speeds (crude estimate) would occur if  the region of  cooling is 10 
km deep?       30 m/sec over 10 km of  altitude. 

You can use the NCEP data to refine these crude estimates (and actually plot profiles, 
comparing the thermal-wind estimate of  vertical shear with the observed u-velocity data).

13.  Suppose the pressure field in the atmosphere or ocean is given at two different heights,

   
where A,B, C are constants.  Assuming hydrostatic, geostrophic dynamics, 
 •calculate the density field, (the average of  ρ’(x,y) between levels z1 and z2).   The density is ρ 
= ρ0(z) + ρ’(x,y).   There is a uniform background stratification,  N2 = (-g/ρ0) dρ0/dz.
ρ’  = p’z/g     ≈  ((B-A) x + Cy )/g(z2-z1)  
 •Calculate the geostrophic velocity field.  ρ0 fu = 0 (z=z1), = C (z=z2);  ρ0 fv = A (z=z1), = 
B (z=z2).
 •Make a sketch showing where the fluid is warm and where it is cold (if  we take the density 
to a function of  temperature only).  By this we mean that the equation of  state can have ρ strongly 
dependent on T and only weakly dependent on p  (e.g. water).  The thermal expansion coeff  α and 
the speed of  sound cs provide the numbers.   Separately, ρ varies with x, y, t through the momentum 
equations but that’s a separate functional relationship.  ∂ ρ’/∂x ~ (B-A)/g ,  ∂ ρ’/∂y ~ C/g ;   
 •On this sketch show the relation between the velocity vector at the two levels, and the 
horizontal density gradient. If   B>A and A,B,C all >0 then at z = z1 velocity points north, at z = z2 
velocity points northeast.  The warm air would be in the south cold air in the north, and if  B>A it is cold to 
the east and warm to the west: the isotherms slope northwest/southeast on the x,y plane. 
   This is where a Matlab plot would be really beneficial; some of  you did this and it made things much 
clearer.

 •  For the more complex pressure field,
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where P = constant, sketch or actually calculate the geostrophic velocity, the relation between the vector 
velocity and the horizontal density gradient, and the regions of  warm and cold fluid. 
If  you sketch on the x,y plane contours of  constant p, these are a ‘checkerboard’ pattern of  
highs and lows, with the z2-level shifted west relative to z=z1.  The pressure contours are isobars, or 
geostrophic flow lines. Think of  the pressure levels as being close together, z2 - z1  = Δz   The density field is 
gρ’ = -p’z ~ -Δp/Δz  and Δcos( ) ~ -ka sin (  )  so gρ’ ~ P ka sin(kx)cos ly .   The horizontal geostrophic 
velocity points along contours of  p.   Its relation with density fluctuations is that of  a cosine to a sine.  It is 
best seen by sketching p or dynamic height Z  along an east-west line, y= const. There are two cos waves, one 
shifted slightly relative to the other.  This makes dynamic thickness , defined as Z2 - Z1 largest east of  the trough 
of  low Z and smallest west of  the trough of  low Z (and π/2 out of  phase with Z(x)). The dynamic 
thickness (see Gill p.  216, §7.7 ) is proportional to the average temperature between the two levels...thick means a 
larger distance in m. vertically between to surfaces of  constant pressure, hence less dense, warmer air. This idea  
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follows directly from the equation of  state: if  you stay near a surface of  constant pressure, then ρT=  p/R ~ 
constant. So, temperture varies directly with thickness, 1/ρ. You will see thickness maps as standard products 
and you can make them from NCEP data (and compare with the NCEP temp data).   

•  Relate this pattern to the pattern of  the Icelandic Low, its variation with height, and the 
presence of  cold and warm air. We have not yet had a chance to talk about this low-pressure 
center in the wintertime N. Atlantic, but it can be viewed with the NCEP data and has very 
nice thermal wind veloc. structure and relationships between temperature and pressure...for 
later.  We showed the dynamic height near the surface and at 500 HPa in the Icelandic low. 
Like the example above, the two patterns were shifted east-west and this reflected the greater 
thickness  between the two pressure levels.  The story works out perfectly:  west of  the low-
pressure center the winds are from the north and the air is cold.  East of  the low-pressure 
center the winds are from the south and they are warm… all very logical, but it has to fit 
together with geostrophic/hydrostatic/thermal wind balance and it does do so, if  the lows 
are shifted so that at the higher level the low is west of  the lower-level low.

 This is quite a complicated story if  you haven’t seen it before, but it will actually seem simple 
eventually.  

14.  We have worked on the geostrophic adjustment problem for a single, uniform density fluid layer 
with a free upper surface, η; think of  it as a channel in which there is no variation in properties in 
the y-direction (even though  there is a velocity v in that direction).  This generalizes nicely to a fully 
stratified fluid, with hydrostatic pressure (H/L)2 << 1 .   Consider a forced version of  geostrophic 
adjustment where a wind F blows in the y-direction, down a channel filled with homogeneous 
(constant-density) fluid with a free surface. 
    If  we drive the flow with forces we need some frictional dissipation of  energy to keep things 
from running away, hence the (-Ru, -Rv) forces which are models of  friction at the bottom of  the 
fluid. 
    The MOM conservation equations  are now
  ∂u/∂t - fv = -g∂η/∂x  - Ru
  ∂v/∂t + fu = -g∂η/∂y  - Rv  + F(x);  (with no variation of  forcing or boundary 
conditions down the channel, in the y-direction, we assume there is no variation in η or u or v in the 

y direction so g∂η/∂y = 0 and 
below, ∂v/∂y = 0).
and MASS conservation is still
  ∂η/∂t = -H0

(∂u/∂x + ∂v/∂y)  
•Find  the steady  equation for η 
(the ‘particular’ solution or 
‘forced’ solution). For the 
choice 
  F(x) = F0 sin
( π x/L0)   
solve for the steady velocity 
field (u,v).   This is the velocity 
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that would develop over a long time,  The fluid is confined in a channel with walls 0 and so the 
boundary conditions are that u=0 at x = 0, L0.  A key here is to find the mean u-velocity, after which 
you can solve easily for the mean down-channel v-velocity.  Steady part of  the solution:  With η 
independent of  time (for the steady part), and  u = 0 at x=0 and x=L (both walls of  the channel), 
and no variation of  anything in the y - direction the MASS conservation 
   ux + vy + wz = 0 
becomes ux = 0.  (the wz term = 0 because the fluid surface is not changing in a steady flow 
independent of  time).   With its boundary conditions, therefore, u = 0  everywhere and MOM 
balance gives  vt  -  fu  =  -Rv  + F which now becomes   0 = -Rv + F   or 
                              v = F/R
Basic balance between the force F (the wind) and frictional drag on the bottom.
But we also want to know the fluid surface elevation that accompanies this velocity. 
The x-MOM equation for steady flow is   -fv = -gηx -Ru   but u=0 so
   η = f/g ∫v dx =  f/gR ∫F dx  = -fF0  L0/πgR  cos(k0x)
Notice how big the flow and surface elevation become for small friction coefficient, R.

•  Estimate how long it takes to set up this flow and the free-surface profile that balances it.  For our 
earlier geostrophic adjustment problems this time was just 1/f,  a half-pendulum day.  Here it will 
be very different.  Describe the effect of  the width of  the channel,  L0.  The time-dependent 
problem can actually be solved though it is somewhat complicated.  Consider using the mechanical 
energy equation to help find this adjustment time.   Rather like the tide problem with a bay, here 
you can compare the final PE + KE of  the steady part of  the solution with the rate of  energy 
input due to the force F.  We don’t know the time dependence for the velocities (unless you have 
time to solve that more challenging problem) but as scale analysis try estimating 

                 d/dt (KE + PE) ~ 1/2 (KE+PE)final/τ 
where τ is the time it takes to establish the final steady state. 
  The time estimate comes from above; take the KE + PE of  the steady flow solution and realize 
that the energy input is force x velocity,   Fv.   So
               1/2 (KE+PE)final/τ  ~ F0 v  ~ F02/R  (*)
(as always “ ~ “ means “is roughly equal to” or “varies like”)
We know v = F0/R so KE ~   ρH(F0/R)2   and PE is 1/2 ρgη2  ~   ρ( F0 f  L0/gR  )2 = 
     ρ F02 f2  L02/gR2  

          (these are per meter of  width in the x-direcion. We drop factors like π for this rough estimate).
As usual, the ratio PE/KE ~f2/gHk02  ~   (L0/Rd)2  This familiar result shows how the wide 
channel has a huge store of  PE, much greater than its KE.  This will cause the time to set up the 
steady flow to be very long.   
    Using these estimates for PE + KE we find from (*)
       ρH(F0/R)2 (1 +  (L0/Rd )2)/τ  ~ F02/R 
or the timescale for the flow to reach its full steady state is 
                 τ ~  (H/R)(1 +  (L0/Rd )2).
  For a narrow channel (relative to the deformation radius)  the time to develop the flow is just
 H/R =H/friction coefficient.  For a wide channel it takes a much longer time.  THis is the practical 
case for the oceans.  Their PE/KE ratio is very roughly 50, so it would take a very long time to start 
the ocean circulation from an initial state of  zero flow.

    The time-dependent solution is very interesting.  It is complicated in general but let us assume that the 
friction is weak (the ‘spin-down’ time for viscous dissipation of  KE is 1/R  sec;  suppose R << f). This is 
really the only interesting situation.   Then, we can drop the acceleration terms ∂u/∂t and ∂v/∂t in the MOM 
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equations yet keep the ∂η/∂t term in the MASS conservation equation.  This seems a bit crazy but turns out 
to be ok.  It says that the fluid is quickly in a nearly steady geostrophic MOM balance between Coriolis, wind 
force and friction force...which would be true (and that balance is explored in prob. 15).  So, the equations 
become
   1   -fv = - gηx - Ru
   2   fu  =  -gηy - Rv + F/H       but ∂/∂y of  everything = 0, so this is fu = - Rv + F
   3   ηt  =  -Hux   

recall that MOM equations 1,2 can be combined into two equations, one for vorticity conservation and one 
for the horizontal divergence,  ux + vy  …. (in this problem ζ = vx   and   vy = 0)  .    These are
4     HORIZ DIVERGENCE  -gηxx - Rux = -f  vx     
5     VORT                                f  ux= -R vx + Fx/H
6      MASS             ηt  =  -Hux

   
Now use 5,6 to give:  7   -f  ηt/H  = - Rvx + Fx /H
and 4,6         to give:   8  -gηxx + R/H  ηt =  - fvx

7,8  =>                + (f2/R+ R) ηt   - gH ηxx = -f/R  Fx       (that’s ∂F/∂x). 
Here again let R<<f   and notice that the ratio of  the second term over the first term is fT x f/R which is >> 
1.  So the final equation is 
  ηt   + Rd2 R ηxx = 1/f   Fx                                Rd = (gH)1/2/f  = Co/f
This is a diffusion equation in x and t. With forcing F  being a  sine,  the solution (homogeneous + particular) 
is 
                     η = -Fo fL/gRπ  (1 - exp(- Ct))cos(π x/L)

 where C = R gH/f2/(πL)2   =  R Rd2/(πL)2  where Rd = (gH)1/2 /f    Notice the flow comes up to 
speed with an exponential time dependence, and time scale 1/C that agrees with our rough estimate 
above.

15.   In the forced (by wind) one-layer hydrostatic wave and flow problem 14. above, consider the 
limit of  very long waves where σ ≈ f.    What are the paths of  fluid particles in this wave… 
look at the MOM equations in the limit where ∂η/∂x, ∂η/∂y  are negligibly small;  the 
equations become much simpler.  What is the steady solution to those equations (what 
direction is the flow, relative to the direction of  the forcing?). This solution can help with the 
estimate in prob. 14. of  the time it takes for the the geostrophic flow to develop fully.  With   ut -fv 
= 0,   vt + fu = 0,   utt + f2u = 0 verifying that the frequency σ = f  when there is no pressure gradient, 
and the amplitudes of  u and v are the same. Hence the particle paths are circles. 

                The steady solution is very useful.  We have   -fv = - Ru   and   fu =  -Rv + F, with solution 
       v = RF/(f2 + R2), u = F/(f+R2/f)
          The flow is to the right of  the wind force, at an angle θ given by 
   tan θ = f/R 
 With weak friction the fluid velocity is nearly perpendicular to the wind (as in our channel problem….the 
flow is nearly at a right angle to the wind.   This says that for a very long time the flow down the channel is 
accelerating  but very slowly  because he Coriolis force fu nearly balances the wind force: a classic negative 
feedback where the need to move mass  lift it up to create PE slows the geostrophic adjustment so that it takes 
much longer than the 1/f  time we have been used to.       We are seeing the great constraint on circulation put 
there by the need to move masses of  fluid around to create geostrophic balance…. it takes a long time to pile 
up the mass on the righthand side of  the flow channel,  to create the large PE of  the steady solution.
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