
Midterm Quiz

Instructor: Prof. Peter Rhines
TA: Jimenez-Urias, Miguel Angel

GFD I: Ocean512/ATM 509

February 12, 2015

Do problems 1 and 2 and only 1 of problems 3 and 4.

1. (33 points), short answers, just a few lines of writting for each.

(a) Air is made of nitrogen N2, oxygen O2, water vapor and some other trace gases. Equipartition
of energy occurs, essentially saying that the temperature of each species is the same. What are
the ratios of rms (root-mean-square) molecular velocities of the three? Their molecular
masses are 28, 32 and 18 grams/mol, in that order.
Answer:
For one air molecule, the temperature is defined as

m∗ 〈vrms〉2 = 3κT

where κ = 1.38×10−23 Joules/(molecule ◦ K) is the Boltzmann’s constant,m∗ represents the indi-
vidual mass of the molecule and is defined asm∗ = molecular weight (m)/avogadro’s number (N).
Therefore, given the molecular weights, we have our individual masses m∗Nitrog = 28/(6.023 ×
1026) = 4.64 × 10−26, m∗02 = 32/(6.023 × 1026) = 5.313 × 10−26 and m∗wp = 18/(6.023 × 1026) =
2.99× 10−26. With this, we can write out rms velocities for each molecule

vrms =

√
3κT

m∗

which yields the values

Nitrogen −→ vrms = 29.84
√
T

Oxygen −→ vrms = 27.91
√
T

Water Vapor −→ vrms = 37.22
√
T

Since we have equipartition of energy, the temperature is the same. Therefore, we can establish
ratios between root mean square velocities of three species:

Oxygen
Nitrogen

= 0.9353 ,
Water Vapor
Nitrogen

= 1.2473 ,

which can be written as the ratio of nitrogen to oxygen to water vapor as 1 : 0.9353 : 1.2473
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(b) A hot horizontal plate at the base of a fluid (at z = 0) heats the fluid.

• How is the heat transfer into the fluid increased by thermal convection?
Answer:
Imagine the (constant temperature) fluid is initially at rest when we begin heating at z = 0.
As we discussed in our first lab experiment, the heating at the base of the fluid will create a
boundary layer, which will increase its width in time (h ∼ (νt)1/2). The heat transfer is done
via conduction, following Fourier’s law. Heating by conduction is achieved by the transfer of
kinetic energy between adjacent water molecules. Thus if heat conduction is the only mecha-
nism, most of the heating will concentrate at the base close to the heat source, hence making
this mechanism very inefficient.

If we allow the flow to become unstable (water near the base becomes lighter than its sur-
roundings), then convection will create a continuos upwelling of blobs of warm (lighter)
water, and sinking of cold water towards the bottom (since we need to conserve the volume).
In the case of convection, the heat transfer now involves the vertical displacement of water
parcels, a net increase of heat transfer (we called it here heat transport, since it is achieved
by advection by the fluid). Since most the heat flux is achieved by transport, which envolves
an overturning circulation, the heat flux will increase significantly compared with the case of
only heat conduction. This overturning circulation will maintain a steady boundary layer, as
a result.
A real fluid will exhibit both conduction and convection, as we learn in our first lab session.
The flow will first only conduct heat, until the Rayleigh number passes a critical treshhold
(∼ 1700), and will set convection. The convection will limit the extent of the boundary layer,
and keep it sharp as a result of the overturning circulation.

• By measuring the temperature profile T (z) how can one inmediately calculate the heat flux
from the boundary into the fluid?
Answer:

For this, we can assume tha even in the presence of convection, the velocity very near the
boundary has to be parallel to ti, and hence cannot carry much heat away. Therefore, the
thermal conduction is dominant there. We just need to measure the temperature gradient
normal to the boundary to find κ∂T/∂z.

(c) Waves are dispersive when their phase speed and group velocity varies with wavelength and fre-
quency. If inertia-gravity waves (hydrostatic, one-layer fluid with Coriolis effects) are generated by
a sudden disturbance at the origin, x = 0, qualitatively how would the frequency and wavelength
of waves arriving at a distant observer change with time?
Answer:

You can think of this, as the problem of throwing a peddle in a pond. The origin x = 0 represents
the place were our peddle first hits the water. This disturbance will create dispersive waves, which
will move all at different group velocity. The group velocity is given by the slope of the dispersion
relation (which is given by σ2 = ghk2 + f2). Opposite to short (deep-water, non-hydrostatic)
gravity waves without Coriolis effects, the curve flattens put as σ −→ f . In fact, the limit of
k −→ 0 (very long waves) the limit is just inertial oscillations with the fluid moving as a simple
slab and the group velocity goes to zero there.
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(d) In the GFD lab experiment with flow over a mountain, describe how the production and develop-
ment of vortices (’vortexes’ ) depends on the speed of the zonal flow. The flow is started abruptly
after being at rest in the rotating system.
Answer:
In the lab, a homogeneous fluid (constant density) in a rotating reference frame behaves almost as
a two dimensional fluid, in that it resists any vertical displacement. Therefore in the presence of a
zonal flow, an individual water colum will try to avoid obstacles such as mountains, that modify
its vertical scale (hence will try to conserve PV). Therefore, if the zonal flow is very weak, it will
not be able to push water across the mountain (or equivalently, ,the zonal flow will not be able to
push water that originally was sitting on top of the mountain, away from it). The flow away from
the mountain moving into it will try to conserve its PV and get deflected, avoiding the mountain
all completely.

If the zonal flow is sufficiently strong, then it will be able to push the water that originally was
sitting on top of the montain (say a column with green dye) away the mountain. Equivalently,
it replaces this water column with another water column that was away from the mountain (say
a column with red dye). The water that was sitting on top of the mountain, upon being moved
away from it, has increased its depth. Therefore, in order to conserve its PV, it must increase its
relative vorticity (therefore, we have a cyclone). The water that was moved into the mountain
will remain there if the zonal flow (initial push) is not sufficiently strong to completely advect
it across the mountain. In this case, the water that moved into the mountain was squashed to
shoter height, and now we see the red dye rotate anticyclonically. This water column will stay
on top of the mountain conserving its potential vorticity, unless another external force pushes it
away from it.

Lastly if the zonal flow is sufficiently strong, then it will be able to continuously push water across
the mountain. This flow will be maintained by a strong pressure gradient which will prevent the
formation of large scale vortices. That is, the relative vorticity created by the vertical stretching,
will only be able to modify the direction of the flow, but not generate the vortices (we studies
this example in class). This is because when the water column that moves into the mountain
(gaining negative vorticity) and then goes pass the mountain, it regains positive vorticity and in
the absence of friction, the negative and positive vorticity should cancel each other. Thus no net
vorticity is gained as the water crosses the mountain and moves away from it.

2. (34 points) Zonal flow of a rotating fluid over topography. Suppose a 1-layer fluid flows steadily
from west to east over mountain ridges and valleys, conserving potential vorticity. The zonal velocity
has a mean value U0.
The potential vorticity is Q = (f + ζ) / (H + h′), where H + h′ is the layer thickness, f = 2Ω is the
Coriolis frequency, ζ = ∂v/∂x − ∂u/∂y the relative vertical vorticity. Here H is constant, h′ is a
mountain topography (note positive h′ is a valley, negative h′ is a mountain):
H + h′ = H +A sin (k0x) sin (k0y) with A << H (mountains and valleys in a checker-board pattern).
If h′ << H we can write the Taylor series approximation

Q ≈ f

H
+

ζ

H
− fh′

H2

the PV equation is DQ/Dt = 0, and here the flow is steady with Q constant, assuming far stream
h′ = 0 and so Q = f/H. Therefore

ζ

H
− fh′

H2
= 0 (1)
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• Make a sketch of the contours of constant h in the x,y plane marking the tops and bottoms of the
hills.
Answer:

Figure 1: Indigo contours represent high bottom terrain elevation (hence decrease of total depth), and aqua
contours represent negative (with respect to mean) bottom terrain elevation (hence increase of total fluid
depth). For this, we set H = 1 km, A = 0.1 km, k0 = 2π/200 km−1.

• Show we can write the vorticity ζ = 1
fρ∇

2p′, where p′(x, y) is the pressure field due to the
topography, assuming geostrophic balance.
Answer:
We begin by writing the momentum equations. In this linear problem, we can regard the total
veloticy as given by (u′ +U, v), where U is the mean flow, and (u′, v′) represent the perturbation
due to the mountains. Similarly, the mean flow (which is constant) needs to be balanced by a
pressure gradient (in geostrophic balance). Therefore the total pressure p = P + p′. With this we
write the momentum equation

x-momentum fv =
1

ρ

∂p′

∂x

y-momentum − f(U + u) =
1

ρ

∂(P + p′)

∂y

Here, we neglect any free surface effects (or say we consider them very small compared with
the effects of the bottom topography on the pressure). Taking the divergence of the momentum
equation we have

f (vx − uy) =
1

ρ

(
∂2p′

∂x2
+
∂2p′

∂y2

)
which is the result we wanted in the first place. In order to get this result, we assume P (y) ∝ y, or
equivalently d2P/dy2 ≡ 0 (which is a great assumption) since the mean flow velocity is constant
and in geostrophic balance.
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• Show that the total pressure field is

p = −U0ρfy + p′

including the background mean flow.
Answer:
As we already mentioned in the previous problem, we have a (constant) large scale mean flow
which is balanced by a mean large scale pressure gradient (that is, both are in geostrophic balance).
Therefore we can write the balance as

dP

dy
= −fρU

Since the right hand side is constant we can integrate which yields

P (y) = P0 − fρU0y

Since the constant is arbitrary, we can set P0 = 0 (especially since we already have a perturbation
that takes care of the rest of the spatial variation). Therefore we have the large scale mean
pressure P = ρfU0y. Therefore, the total pressure is given by the sum (since this is a linear
problem) of the mean and perturbation pressure. That is

p(x, y) = −ρfU0y + p′

• Solve the equation (1) for ζ and hence find p′, the geostrophical horizontal velocity (u, v) as a
function of x and y, assuming the upper surface is rigid (no free surface).
Answer:

Equation one, can be written

ζ =
f

H
h′

This equation can be written as a Poisson equation in terms of perturbation pressure, where the
source term is given by the perturbation topography. Therefore, we have

∇2p′ =
Af2ρ

H
sin (k0x) sin (k0y)

Much like in the theory of linear second order ODEs, a specified forcing on the right hand side
of the equation pre-determines the type of solution of the problem. That is, if we have a forcing
with a sinusoidal expression, then we should expect solution with cosines and sines. Here, we can
expect a (particular) solution with the form p′ = B sin (k0x) sin (k0y), where B is determined
from substituting the particular solution into the PDE. After doing this, we get

B = −Aρf
2

H2k20

Therefore we have

p′(x, y) = −Aρf
2

H2k20
sin (k0x) sin (k0y)
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The perturbation geostrophic velocity is given by fu = −(1/ρ)∂p′/∂y and fv = (1/ρ)∂p′/∂x.
This is

u′(x, y) =
Af

2Hk0
sin (k0x) cos (k0y)

v′(x, y) = − Af

2Hk0
cos (k0x) sin (k0y)

The total velocity is given by

u(x, y) = U0 +
Af

2Hk0
sin (k0x) cos (k0y)

v(x, y) = − Af

2Hk0
cos (k0x) sin (k0y)

• Sketch the constant pressure curves on your sketch of h′. For small Rossby number these are
approximately streamlines.
Answer:

Figure 2: Contours of constant h. same as in figure 1. Thick contours represent the constant pressure lines.
Additional values are: U0 = 2 m/s, ρ = 1000 kgm−3, H = 1 km,f = 1 × 10−4 s−1, which introduce
a Rossby number Ro = 0.1. While the Rossby number is still small, the pressure surfaces have a barely
noticeble deflection by topography. In this case the control parameter ε << 1.
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Figure 3: Contours of constant h. same as in figure 1. Thick contours represent the constant pressure lines.
Additional values are: U0 = 0.2 m/s, ρ = 1000 kgm−3, H = 1 km,f = 1 × 10−4 s−1, which introduce a
Rossby number Ro = 0.01. Mean and perturbation pressure make equal contributions (ε ≈ 1)
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Figure 4: Contours of constant h. same as in figure 1. Thick contours represent the constant pressure lines.
Additional values are: U0 = 0.02 m/s, ρ = 1000 kgm−3, H = 1 km,f = 1 × 10−4 s−1, which introduce a
Rossby number Ro = 0.001. Pressure contours are almost exactly aligned with topography (almost closed
contours). The high and low centers are slightly off with respect to the mountain tops and valleys. This
offset is done by the relative contribution of the mean flow. The control parameter is ε >> 1.
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• What parameter governs how strongly the flow is deflected by the topography? That is, what
non-dimensional parameter based on U0, f, k0, h

′, H tells us when the flow is very ’wavy’ For
this topography, considering fast and slow flows, for what parameter values will the flow deflect so
much that fluid is trapped (not moving downstream) above the mountain tops and valley bottoms?

Answer:
To have fluid trapped over the hilltops of valley bottoms, we must have the perturbation zonal
velocity |u′| ≥ U0. Thus (∂p′/∂y)/(ρf) ≥ U0. From the solution this gives

Af

2Hk0
cos (k0x) sin (k0y) ≥ U0

somewhere. The maximum of cos and sin are 1, so we need

Af

2Hk0
≥ U0,

or ε ≥ 1 where ε = Af/(2Hk0U0) is a non-dimensional parameter. We can take our previous
expression and write the condition as δ > 2Ro, where δ = A/H is the topographic height to
mean depth ratio, and Ro is the Rossby number Ro = U/fL where L = 1/k0. Thus very small
mountains δ << 1 can greatly affect the flow if Ro << 1.

In terms of our nondimensional parameter, ε ∼ O(1) represents ”equal ” contributions from the
mean and perturbations. Therefore when ε is greater (say than 1), then the perturbation com-
ponent of the flow will dominate and the flow will become more and more trapped (as ε becomes
bigger and bigger). If ε is smaller than unity (ε < 1) then the background flow will dominate, and
the flow will be unaffected by topography (see figures 2, 3 and 4 above).
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Do just 1 of the following two problems

3. 34 points
The first law of thermodynamics, the thermal energy equation, can be written as

CvdT = Tdη − pdv

or,

CpdT = Tdη + vdp

where Cv and Cp are the specific heat capacities at constant volume and pressure, respectively. η is
the entropy, p pressure, T temperature, v is specific volume 1/ρ.

• Show that the 1st law can be written in terms of η, v and p in the convenient form

dη = Cp
dv

v
+ Cv

dp

p

for an ideal gas, using the equation of state in the form

pvγ = eη/Cv

where γ = Cp/Cv. We are assuming reversible, equilibrium processes in which the entropy η is
defined as d∗Q/T , the heating d∗Q divided by temperature. The standard equation of state is
pv = RT . Answer:
We can, from pure manipulation of the first law and using the equation of state for an ideal gas,
the alternative form of the 1st law. This is, divide the first law by T

dη = Cp
dT

T
− v

T
dp

From the first law we have the folling relations

dT

T
=
dp

p
+
dv

v

therefore the first law is

dη = Cp
dv

v
+
Cp −R

v
dv

Using R = Cp − Cv, we get the alternative form of the first law of thermodynamics. We can go
further and integrate both sides of the equation

η = Cp ln |v|+ Cv ln |p|

→ η

Cv
= ln |pvγ |

→ pvγ = eη/Cv
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4. Geostrophic adjustment of a rotating fluid with a free surface begins with the slumping of an unbal-
anced surface elevation field, for example η(x, t = 0).

• Describe in words the time-dependence of the horizontal velocity vector that leads to a geostroph-
ically balanced flow.
Answer:
Initially there is no velocity. The initial condition η(x, 0), however, represents a delta function
acceleration at t = 0 purely in the x-direction (via the pressure gradient). Therefore the u-velocity
will have an immediate (non-geostrophic) response at t = 0+ (this is the most inmediate time
after t = 0). After letting t > 0 and u 6= 0, the coriolis (pseudo) force will act to create a
v-velocity via the term vt = −fu, although too small to create a significant deflection of the
rectilinear trayectory. Remember the pressure gradient is purely in the x-direction. Since the
u-velocity is u(x, t) ∝ sin (σt), then it will achieve its maximum at t = (π/2)/σ, where σ is the
frequency for homogeneous waves in a rotating reference frame. At this time, coriolis acceleration
(in the y-direction) is also maximum, thus the v-velocity will begin to dominate the horizontal
velocity, and the deflection to the right of the water displacement will increase. When the time
t = f−1, the geostrophic velocity (purely in v) will be stablished, although the solution will still
oscillate around this state of balance. At a later time, say when t = π/σ, the x-displacement
will stop at (u =0 and v will achieve it maximum, in fact, twice the steady-geostrophic velocity).
The displacement will be directed entirely in the y-direction. At this time, the v velocity will
begin to decrease, since Coriolis acceleration in x will be greatest, and u will begin to increase
(in magnitude). A similar cycle will begin, but now for increasing (in magnitude) u. However, at
this stage the geostrophic velocity has already been established.

• The adjustment involves u− and w− velocities (an ”overturning circulation”). Consider the dis-
tance ∆x that the fluid moves in the x-direction during adjustment to the balanced, time-mean
solution (ignore the oscillating, homogeneous part of the flow).
Estimate how ∆x compares with the Rossby radius Ld =

√
gH/f . Use scaling analysis to estimate

∆x based on the difference δη between initial η profile and the geostrophically balanced η-profile.
(You can use Gill’s example from Chapter 7 or problem 2.7 in previous homework).
Answer:
For this problem, we choose the initial profile in problem 2.7 (last homework). This is,

η(x, 0) = A sin (k0x)

While the domain is unbounded, we only need to fix at a single wave (L = 2π/k0). Now, as
suggested in the description of the problem, we need to consider the difference between the initial
state and the final (geostrophic, steady, or time averaged) state δη = max |ηg − η0|. Therefore
from the solution sheet to problem 2, we have the δη is given by

|δη| = (k0Ld)
2A

(1 + (k0Ld)2)
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As stated in the begining of the problem, we are interested in the overturning circulation, since
it is this circulation that determines the strength of the steady geostrophic flow via conservation
of angular momentum. The equation that stablishes this seconday circulation is the divergence
equation.

∂u

∂x
+
∂w

∂z
= 0

Here, we introduce the scaling for w ∼ fδη, z ∼ H, x ∼ L and u ∼ fδX (notice u scales with a
lengthscale different from L, which is the lenghtscale of the initial and steady state). With this
scaling, we can solve for δX

δX =
Lδη

H

Substituting δη into our scaling we get

δX =
A

H

Ld(Ld/L)

[1 + (Ld/L)2]

If we define γ = Ld/L, then our result for the displacement is given by δX ∝ γ/(1 + γ2) The
maximum is achieved when γ = 1, or equivalently when L = Ld. Therefore, if the geostrophic
velocity scales like v = fδX, then the geostrophic velocity is maximum again when L = Ld (figure
5).
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