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11. Deconvolution 
 
Deconvolution is the process of reversing convolution and is important in seismological 
applications because very often one wants to remove from a recorded time series the instrument 
response of a seismometer or source-time function of the earthquakes. 
 
Recursive Deconvolution 
 
For a discrete time series x of finite length, we can write the convolution with g to yield a time 
series y  

 
x i( ), i = 0,M −1
g i( ), i = 0,N −1

y j( ) = [x*g)] j( ) = x i( )g j − i( )
i=max 0, j−N( )

min j,M−1( )

∑ , j = 0,N +M − 2

 (11-1) 

 
One way to undo such a convolution is recursion.  We can write out the elements of equation 
(11-1) 

 

x = x0 , x1, x2 , ..., xM −1[ ]
g = g0 , g1, g2 , ..., gN −1[ ]
y = y0 , y1, y2 , ..., yM +N −2[ ]
= x0g0 , x1g0 + x0g1, x2g0 + x1g1 + x0g2 , ..., xM −1yN −1[ ]

 (11-2) 

  
Considering the first element of y we can write 

 y0 = x0g0 ⇒ x0 =
y0
g0

 (11-3) 

Considering the second element of y we can write 

 y1 = x1g0 + x0g1 ⇒ x1 =
y1 − x0g1
g0

 (11-4) 

and so on to yield all the values of x.  This approach does not work when g0 = 0  but in this case 
in which one would just start the recursive solution with the 2nd equation.   It might seem the 
ideal solution.  However it has two significant limitations.  First for many real processes we may 
look at a finite time series but this is just obtained by taking a segment of an infinite time series 
(e.g., the seismic signal convolved with a seismometer at a given location).  There is thus no time 
at which the convolved time series overlap by just one sample and thus no starting point to apply 
equation (11-3).  Second if y contains noise, then one might guess that the repeated recursive 
solution for successive values of x may build up large errors. 
 
Deconvolution in the Frequency Domain 
 
In the frequency domain convolution is just multiplication 
 Y f( ) = X f( )G f( )  (11-5) 
so we can write deconvolution as 
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 X f( ) = Y f( )
G f( )  (11-6) 

  
This allows us to see the fundamental problem with deconvolution.  If G(f ) vanishes then X(f ) is 
undefined – If g(t) is a low pass filter and has eliminated all high frequencies in Y(f ) we cannot 
recover the high frequencies in X(f ).  If | G(f )| is very small then X(f ) will be defined but will be 
very sensitive to small amounts of noise in Y(f ) and G(f ).  A common way to stabilize the 
deconvolution is to write G(f ) in terms of its amplitude and phase 
 G( f ) = G( f ) exp iθ f( )⎡⎣ ⎤⎦  (11-7) 
A constant is added to | G(f )| before deconvolving 

X f( ) = Y f( )
G f( ) + ε( )exp iθ f( )⎡⎣ ⎤⎦

 (11-8) 

The constant ε is known as the water level and is chosen to be larger than the noise in Y(f ) and 
G(f ). When | G(f )|> ε is large the effect of the constant is to reduce the amplitude of the 
deconvolved signal very slightly.  When | G(f )| is small the constant stabilizes the 
deconvolution. 
 
Deconvolution by Inversion 
 
Equation 11-1 can be written as a linear inverse problem  
 y = Gx  (11-9) 
where y and x are column vectors of xj and yj and G is a matrix with rows corresponding to gj 
with the g values offset by one column between rows.  This can be solved as a least-squares 
inverse problem but requires stabilizing noise.  This is known as Weiner deconvolution. 


