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19. Variograms 
 

In the next two lectures we are going to look at Kriging, a statistical method to interpolate 
uneven data that was developed for the geosciences.  The primary reference for this material is 
Geostatistics: Modeling Spatial Uncertainty by J.-P. Chiles and P. Delfinger, John Wiley & 
Sons, 1999 (QE33.2 S82 C45 1999) 
 
Weighted Linear Interpolation 
 
In the geosciences, we often have to work with spatial data that is very unevenly sampled.  
Although these can be interpolated using nearest point, linear or cubic methods, the methods are 
often unsatisfactory - nearest point and linear interpolation are not smooth and the different kinds 
of splines tend to overshoot with unevenly spaced data or lead to unnatural features (e.g., local 
maxima or minima that always coincide with a sampled point).  A simple linear interpolation 
scheme can be developed as follows 
 
Suppose we wish to interpolate the quantity Z.  We have measured values Zi at n points (i = 1, 2, 
… n) with coordinates (xi, yi) and we wanted to estimate the value Z0 at point (x0, y0).  A general 
linear estimate can be written as 

 
   
Z * x0( ) = λiZ x i( )

i=1

n

∑  (19-1) 

where the asterisk in Z0
* is used to differentiate the estimate from the true value of Z0 and λi are 

the weights.  One strategy for determining the λi values is to use an inverse distance scheme 

 

  

λi =

1
c + hi

w

1
c + hi

w
i=1

n

∑
 (19-2) 

where hi is the distance between (x0,y0) and (xi,yi) given by 

 
  
hi = xi − x0( )2

+ yi − y0( )2
), (19-3) 

c is a small constant to stop the scheme blowing up when the interpolation point coincides with a 
data point, and w is an exponent which is typically between 1 and 3. 
 
Inverse distance schemes can work well for points that are surrounded by known values in that 
they produce a reasonable looking interpolation.  However, they are rather ad hoc - for example 
how does one chose the optimal value of w?  Kriging is a method that provides an objective way 
of determining the weights λi based on an understanding of the statistical properties of the data.  
 
Characterizing Spatial Variations 
 
We are familiar with making scatter plots of two variables.  For example, we used one to 
visualize the covariance and correlation when considering a straight-line fit.  We can also make a 
scatter plot showing all possible pairs of data values whose location is separated by a certain 
distance in a particular direction.  That is we can plot of Z(x+h) against Z(x) where h is a 
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constant vector.  Clearly if h is small and/or if Z varies only slowly with position, the points will 
fall near a straight line with a slope of unity (Figure 1, left).  If h is large and/or Z varies quickly, 
the plotted data will be more scattered (Figure 1, right). 
 
In thinking about methods to characterize the spatial variations in data it is useful to think in 
terms of a residual value that we can write as 
   

Y x i( ) = Z x i( ) − m x i( )  (19-4) 
Here m(xi) is a model of the large scale spatial trends in the data which might in the simplest case 
be just the population mean µ (i.e., no large scale spatial trends), but might also be a more 
complex model such as a low-order polynomial. 
 
The spatial covariance can be defined as 

 C(h) = 1
m

Y xi + h( )⎡⎣ ⎤⎦ Y xi( )⎡⎣ ⎤⎦
i=1

m

∑  (19-5) 

where we are summing over all the pairs of points separated by a vector h.   If our model of the 
data is just the mean, equation (19-5) reduces to 

 
   
C(h) = 1

m
Z x i + h( ) − µ⎡⎣ ⎤⎦ Z x i( ) − µ⎡⎣ ⎤⎦

i=1

m

∑  (19-6) 

We can also write the covariance as 
 

  
C h( ) = E Y x( )Y x + h( ){ }  (19-7) 

where the notation E{} is statistical notation that means “the expected value of” or the value that 
would be obtained from the population (or a very large number of samples). 
 
We can normalize the spatial covariance so that it varies between ±1, by using the variance of Y 
to obtain the correlation coefficient 

 

   

ρ(h) =

1
m

Y x i + h( )⎡⎣ ⎤⎦ Y x i( )⎡⎣ ⎤⎦
i=1

m

∑
1
m

Y 2 x i( )
i=1

m

∑
=

C h( )
C 0( )  (19-8) 

The variation of the correlation coefficient with h is termed the correlation function or 
correlogram. 
 
We can also define another quantity which measures the spatial variation in Y by looking at the 
mean squared difference between Y(x) and Y(x+h) as a function of h 

 
   
γ (h) = 1

2m
Y x + h( ) − Y x( )⎡⎣ ⎤⎦

2

i=1

m

∑  (19-9) 

The factor of ½ is just a convention. The variation of γ with h is known as the semivariogram 
while that of  2γ with h is known as the variogram.  An advantage of using the variogram over 
the correlogram is that if our model of the large scale spatial trends in the data, of m(xi) is the 
population mean µ then we do not need to know the mean and can compute the variogram 
directly from Z(h). 
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The variogram can be written in statistical notation as 

 
   
2γ h( ) = E Y x( ) − Y x + h( )⎡⎣ ⎤⎦

2{ }  (19-10) 

If we expand this we get 

 

   

2γ h( ) = E Y 2 x( ){ } + E Y 2 x + h( ){ } − 2E Y x( )Y x + h( )⎡⎣ ⎤⎦{ }
= 2 C 0( ) − C h( )⎡⎣ ⎤⎦

 (19-11) 

So we can write 
 

   
C h( ) = C 0( ) − γ h( )  (19-12) 

If we have a data set with a significant number of points we can estimate the covariance or 
variogram by first subtracting the mean from our data (or a more complex model if we chose), 
binning all possible pairs by the magnitude and direction of their separation, and evaluating 
equation (19-5) or equation (19-9).  If the data is isotropic, that is variations are not dependent on 
direction, we need only worry about the magnitude of h and not its direction.  We can then fit a 
simple surface curve through the binned values of C(h), ρ(h) or γ (h).  In general C(h) and ρ(h) 
will decrease with the separation distance h while γ (h) will increase with h (Figure 2). 
 
Equation (19-12) would suggest that γ (0) is always zero and for some properties such as 
topography this is indeed the case.  However, for other parameters plots of γ (h) may have 
significant values at small h because of small-scale variations in the measured properties - this is 
known as the Nugget effect (if we are interested in gold concentrations, two adjacent samples 
may have wildly different concentrations if one contains a nugget) (Figure 2, right). 




