
Lab 1   GFD 1   2015     P. Rhines,  M. Jimenez !
We looked first at thermal conduction, the molecular process of  heat diffusion.  Fick's empirical 
law says that heat flux is proportional to temperature gradient,  F = - ρCpκ ∇Τ , where ρ is 
density, Cp is specific heat capacity at const. pressure and κ is the diffusivity coefficient, with 
dimensions m2 sec-1. !
    Typical values of κ :  
  water   1.4 x 10-7  m2 sec-1           
   air        1.9 x 10-5     =  135 times the diffusivity of water                
  steel     1 x 10-5                

           copper 1 x 10-4 
 aluminum  8 x 10-5  =  570  times the diffusivity of water                !
The classic heat equation,   ∂T/∂t = κ ∂2T/∂x2 , has solutions showing that, if the temperature at 
x=0 is changed at time t=0,  the temperature conducts a distance ~ (κt) 1/2  in a time t; or just 
use scale analysis of the equation to suggest this:    T/t ~ κT/h2  where h is the length scale of 
T(x,t), giving h ~ (κt)1/2.    This we saw with liquid crystal thermometer sheets, resting on an 
aluminum bar with a blow torch applied at one end.  Momentum diffuses 8 times faster than 
heat in water, and about 0.8 times as fast in air  (ν/κ is called the Prandtl number). !
    Convection is the interaction of conduction with fluid flow, generally tending to increase the 
movement of heat through the system.    Because fluid viscosity (with diffusivity ν) and 
temperature diffusion both oppose the development of buoyant plumes,  an appropriate non-
dimensional number measuring the willingness to convect is   
     Ra  =  (g∆ρ/ρ) h3/(κ ν)                                                   
the Rayleigh number.  ∆ρ/ρ = α ∆Τ  is the fractional density difference imposed, between top 
and bottom boundaries (α = -1/ρ (∂ρ/∂T)) is the thermal expansion coefficient).  For a variety of 
boundary conditions (imposing the boundary temperature or heat flux for example),  the fluid 
will convect if Ra exceeds between about 1000 and 1700.  Small Ra can occur readily in very 
viscous fluids: that is why your porridge may burn on the stove: too viscous to convect, it traps 
the heat at the bottom.  The Earth’s mantle is very viscous (mostly rock!) yet Ra is large enough 
that slow convection occurs, driving our tectonic plates around.   
    The image below has about a 1/2 cm thick fluid layer with well-developed convection cells, 
some roughly hexagonal, some ‘roll’ cells.   Whenever there is some velocity shear in the fluid, 
convective roll cells can develop parallel to the near-boundary velocity… the shear does not 
affect them, whereas hexagonal cells are tipped over and destroyed by shear.    Actually, the  



image has the fluid depth varying from 3mm to 8 mm across the tank.  With ∆T ~ 5C, the 
Rayleigh number Ra ~ 600 at 3 mm depth which is small enough to prevent convection: the thin 
region shows no convection cells. 

  !!!!!!!!!!!
  !!!!!!!!!

  Fish flakes and methylene blue dye particles make the convection visible; the dark areas tend to 
be downwelling lines where the silvery platelets align with the shear/strain field. Some extra dye 
particles show streamlines.    !
 !!!!!!!!!!!!!!!!!!
The image just above shows how shear can align the convection rolls; a ruler was moved through 
the fluid making big vortices, and the convection obeyed.   !!



But this is for thin fluid layers confined by top and bottom boundaries, with thickness h.  What 
we have more usually is convection into a ‘deep’ fluid, where the relevant length scale, h, is now 
the thickness of the hot layer. Hence 
     Ra =  (g∆ρ/ρ)  ν1/2  t3/2 /κ                                                    
  So when the heat is switched on beneath an isothermal fluid,  the Rayleigh number is zero, the 
fluid is stable, and pure conduction creates a thickening warm layer.   Eventually Ra will be large 
enough for unstable buoyant plumes to develop.   This leads to tall convective plumes carrying  
heat away from the lower boundary…’dry’ convection without the latent heat release that propels 
cumulus clouds upward.  Subsequently, the boundary layer (which is where heat diffusion is 
concentrated) no longer grows in thickness.  The large-scale convective cells ‘hold down’ the 
boundary layer.   The heat flux becomes nearly independent of the full layer height, since h is 
really tied to the boundary layer thickness.  Miguel’s experiment showed how the broad heating 

of the bottom led to just one pair of convection cells, that reached through the whole depth of  
the fluid.  Somewhat like the image above, which is actually for heating only in the center of the 
tank bottom (Scott Powell’s 2014 GFD project, convecting into a stable stratification). !!
  
 !
The figure above models a similar situation numerically, with temperature colored.  Plumes 
evacuate the boundary layer at the bottom, which is ‘held down’ by the large-scale overturning 
cells.  Quite similar dynamics occurs in the turbulent atmosphere and oceans.  !
    Convection increases heat transport. The largest temperature gradient occurs near the 
boundary, and the net upward heat transport is equal to κ ∂Τ/∂z  at the boundary (either 



boundary).  Thus the ratio of the heat transport with convection to that which would occur 
without convection is called the Nusselt number: 
    Nu = κ ∂T/∂z|z=0/(κ∆Τ/H)                                         
the denominator being simply the conduction where T(z) is a straight line connecting the two 
boundary values of temperature at z=0 and z=H.   If small h is the boundary layer thickness, we 
estimate  
     ∂T/∂z|z=0  ~ ∆Τ//h                                          
and hence    Nu ~ H/h.    It is thus easy to estimate the strengthening of heat transport by 
observing the boundary layer.  It is a powerful interaction of flow with molecular diffusion. !!
    Of course turbulence acts throughout the atmosphere and ocean, and it greatly increases heat 
transport.  While it is not at all accurate,  one often adopts eddy-diffusion coefficients, with κ 
and ν being made artificially large, to match observations:  as if the eddying motion of 
turbulence acts like the microscopic molecular diffusion,  with fluid eddies playing the role of 
whizzing molecules.  !
   We talked about heat engines…the mechanical kind.  A Stirling engine works with a fossil fuel 
heat source, and a confined gas that expands and contracts, doing work. The one below, left 

rocks back and forth like a see-saw, causing the air in the test-tube 
to move left and right, feeding back on the rocking motion through 
a small tube connected to the central pivot.  To the right is a  
Wikipedia entry showing another configuration of Stirling engine. !!!!!!!!!
  A steam engine adds to this the huge latent heat effect to organize the expansion and flow of 
heat within the engine:  the heated water boils, and the heat is later delivered when the steam 
condenses, forming a closed cycle. !
   A small boat with a single metal chamber heated by a candle was the ultimately simple steam 
engine:  two pipes connected the steam chamber with the back of the boat, like exhaust pipes.  



Water boiled in the chamber, expanding greatly, pushing out the back of the boat via one pipe 
which sucked new cold water into the chamber via the second pipe. This made a repeating cycle 

of boiling, exhaust, replenishment of liquid water…with rapid repeat rate.     !
   Most heat engines are built as ‘oscillators’ ;  the Stirling engine rocks back and forth like a see-
saw, springy,  if disturbed.  The thermal energy of the candle gives it a small impulse each cycle, 
keeping it going.  Car engines have flywheels to smooth out the explosive impulses of the firing 
cylinders.   The ‘pop-pop’ steam boat has a steam chamber that is flexible (making quite a 
noise), and this may possibly be the ‘oscillator’ of that vessel.  !
    The atmosphere and ocean are ultimately driven by solar heating (with a little extra from 
gravitational tidal forcing and seafloor tectonic activity).   A giant two-fluid steam engine.   


