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GEOPHYSICAL FLUID DYNAMICS-I   OC512/AS509 2015   P.Rhines 
LECTURES 13-14  gfd2 week 9     Following class discussion and questions I was motivated to simplify 
this chapter, which had too many ideas in too small a space and omitted some really nice figures: 10 
March 2015. 
  
 Rossby waves    
 
          The spherical shape of the rotating Earth, and the topography of sloping sea-floor and 
mountains on land introduce an ‘environmental’ PV:  variations in PV that are more or less 
constant in time, and provide a ‘reservoir’ of PV.  Motion anywhere in the presence of this 
spatially varying environmental PV will create relative vorticity.  Variations in Coriolis 
frequency f with latitude are gradual.  In some places variations in fluid depth h are also 
gradual.   Then, the environmental PV can organize the fluid vorticity into long wave motions.   

    With very weak steady circulation, on the other hand, the PV = (f + ζ)/h ≈ f/h where h is the 

fluid depth (measured vertically).   Maps of f/h (=2ΩΩ sin φ/h) combine the solid-Earth 
topography with the variation in planetary vertical vorticity;  in absence of topographic 
variation in h, the PV contours are just latitude circles.   This combination of effects is quite 

intuitive:  the strong Earth rotation stiffens the fluid along lines parallel with ΩΩ. The thickness 

of the fluid layer, measured along the polar axis, is very close to d ≡ h/sinφ and so conservation 
of f/h amounts to conservation of the length d of that ‘stiffened’ fluid column.  The strength of 
zonal flows in the atmosphere and Southern Ocean attest to the control that f/h exerts on the 
circulation:  if the velocity is small enough, unforced flow will move along contours of constant 
f/h.  Generalization to a stratified fluid is immediate:  h becomes the thickness of isopycnal 
(constant potential density) layers.  While we emphasize the solid Earth’s environmental PV, 
the PV of the mean (time- or space mean) circulation is also a significant ‘environment’ for 
waves, stable and unstable. Interaction of waves, eddies and mean circulation is a key aspect of 
GFD. 

                           
Figure above: fluid columns in a spherical shell, stiffened along the direction of the rotation axis 
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    Rossby waves with sloping topography and constant f: single-layer model.  For the 

moment we do not include the effect of the spherical Earth (the “β” effect).   Let us choose a 
particular bottom topography, a simple upslope to the north, 
    h = H - h’(x,y) + η(x,y,t) 
with h’ = αy. Note the sign of topographic height h’, chosen so that positive h’ is a ‘hill’ and 

positve α means an upslope toward the north.   The  one-layer barotropic PV is  

            q = (f + ζ)/h  

                                  ≈ (1/H)(f + ζ + fh’/H – fη/H)    for h’/H <<1,  η/H<<1 

                                 = (1/H)(f + ζ + fαy/H – fη/Η) 
so the invisicid, unforced equation for waves has a new linear term from v∂q/∂y, 
 

   Dq/Dt = (1/H)( ζt – fηt/H + (fα/H)v)  = 0    
 

For quasi-geostrophic waves, with frequency σ<< f,  the geostrophic expressions  

                          u = -gηy/f,  v = gηx/f,      ζ = vx – uy  =  (g/f)(ηxx + ηyy ) 
turn this into a wave equation in one dependent variable,  
 

 (12)    
                          
which is the equation for topographic Rossby waves.  The horizontal divergence due to the free 
surface is the 2d term, where f2/gH = 1/Ld2 ;  Ld = c0/f . where c0 is the propagation speed of long 
gravity waves (with f=0); this definition of the ‘Rossby radius’ is true under much more general 
circumstances.  It can model effects of stratification in the same manner that the 1-layer equation for 
gravity waves can be generalized to the continuously stratified fluid and internal gravity waves.  For 
now neglecting this term (for L << Ld) we have 

                               (ηxx + ηyy )t + β *ηx = 0; β*≡ fα / H  

with the upper surface acting as if rigid. 
     Τhe equation is linear:  two solutions added together give a third solution, and initial conditions 
with a complicated shape in x and y can be expressed as a sum of many Fourier components. The 
equation has constant coefficients and thus has simple solutions for propagating plane waves.   
 
 Topographic Rossby wave solutions. Consider solutions in the form of a plane wave,  

  
η = Re(Aexp(ikx + ily − iσ t)
= Re(Aexp(i

!
k • !x − iσ t))  

‘Re(_)’ denotes the real part. The wavevector    

k = (k,l)  is perpendicular to the wave crests, which are 

lines of constant phase, kx +ly –σt, a fixed time, t.  Substituting in the wave equation, all the physics 
boils down to the dispersion relation, connecting the wavenumbers and frequency, which is 
essentially taking spatial information (spatial patterns described by wavenumbers) and predicting 
the future (with time-evolution described by frequencies). 
 

(13)           σ = −β * k
k 2 + l2

; β*≡ fα / H  

 

(ηxx + ηyy )t − ( f
2 / gH )ηt + β *ηx = 0 β*= fα / H
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Because η does not vary along the wave-crests, the horizontal velocity of the fluid lies nearly along 
the crests. This is suggested by geostrophic balance (because the pressure gradient is nearly parallel 
to   

k . Or, the mass-conservation equation ux +vy = 0 also suggests the same thing, because when u 

and v are expressed in terms of  η,  we have    i

k • u = 0 , again saying that the velocity lies along the 

wave-crests (to order σ/f).¤   
 
    We draw the dispersion relation, σ as a function of k and l (Fig. 5.2). It is shaped like a ‘witch’s hat’, 
peaking near the origin.  Height contours of σ(k,l), show possible wave-vectors for a constant σ.   

Rhines, The Sea vol. VI, 1977 
 
Fig. 5.2  Frequency as a function of wavenumbers (k,l) for topographic Rossby waves. The longest waves 
(small wavenumber) have the highest frequencies. 
  
 
 Group velocity and energy propagation.  Energy moves in wave packets traveling at the 
group velocity, 

   
 

cg = σ k ,σ l( ) = β *((l
2 − k2,2kl)
(k2 + l2 )2

  

The magnitude of the group velocity is simply β*/(k2+l2), which is also the westward phase speed,  
and its direction is twice that of the (k,l) wavenumber vector, where we measure the direction with 
respect to east (the positive k-axis; see figure below).   
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 Fig. 5.3 Curves of constant frequency as a function of k and l, as in Fig. 5.2  Thin black arrows are the 

wavenumber vector, (k,l). The group velocity vectors (double arrows) are the gradient of the σ(k,l), and lie 
normal to these curves at an angle (relative to east) equal to twice the angle of the wave-vector, (k,l).    
  
   We can use the group velocity arrows to construct the wavecrest pattern for waves generated by an 
oscillating force (like a small oscillating wind-stress curl).   Consider wave 1 in Fig. 5.3.  Its wave 
crests lie perpendicular to (k, l) and its group velocity points southwestward.  Wave 2 has crests lying 
more north-south, and its group velocity points southeastward.  Wave 3 has nearly north-south 
crests and short wavelength (large  |


k |  ) and its group velocity points eastward. This begins to 

suggest the wave-pattern,  Fig. 5.4, which is exactly calculated and plotted in Fig. 5.5.  It turns out 
that the wave-crests are parabolas on the x,y plane, with foci at the origin.  In an animation with 
Matlab they propagate both westward and toward the negative k-axis. 
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Fig. 5.4  Wave crests for waves radiating from the origin, x=0, y=0.   

  
Fig. 5.5 Rossby wave pattern η(x,y) generated by a wind-stress curl at the origin, oscillating at a single 
frequency; it is here viewed from the southwest (the x-axis is at the right, y-axis at the left).  
 
The magnitude of the group velocity given above is much smaller east of the forcing, in the short 
waves, and large west of the forcing. The energy flux, which is the product of group velocity and 
energy density turns out to be the same in all directions.  For this reason, the energy density is much 
larger to the east of the forcing (yet dissipation my also be large at these short wavelengths). 
 
   A good way to think about Rossby waves is to fix the north-south wavenumber, l and look at the 

dependence of frequency σ on k, Fig. 5.7. The frequency rises to a maximum at  k 2 = l2 , falling toward 
zero for both longer and shorter waves.  The curve is essentially a cut through the two-dimensional 
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figure, 5.2, at fixed north-south wavenumber, l.   Notice that the wave-crests always propagate 
toward negative x (westward in this case),  since  σ/k < 0.  Our convention is to keep frequencies 
positive, σ > 0,  and allow wavenumbers to be positive or negative.  In this way the sign of the 
wavenumber determines he direction of propagation.   The group velocity component east and west,  
∂σ/∂k, can take either sign; it is the slope of the σ(k) curve for a fixed value of n. Energy propagates 
westward in the longer waves and eastward in the shorter waves. 
 
 

   
Fig. 5.7  Topographic Rossby wave dispersion relation σ(k) for various north-south wavenumbers, l. 
 
 The longer waves have the fastest westward group velocity.  This is consistent with the two-
dimensional wave pattern plotted above, and is very important to ocean basin circulation dynamics.   
 
 There are several interesting limiting cases. For the shorter waves (that is, with large negative 
k-wavenumber) 

    σ ≅ -β*/k            (for k >> l).   
This is C.G. Rossby’s original formula for these waves, essentially the case l=0 where the wave crests 
lie north-south and the energy propagates eastward. Note again that the frequency varies inversely 
with k.  The longest waves  

     σ = −β *
l2
k      (for k << l) 

are non-dispersive with respect to east-west propagation at fixed l. All waves in this limit propagate 
at the same speed westward, with energy also propagating westward. The wave-crests and horizontal 
velocity lie nearly east-west,   u >> v, and the frequency itself becomes very small even though the 
group velocity is very big.  
 
  Finally, if we include the free surface elevation term, equation (12), then  

                                                    σ  =  -β*k/(k2 + l2 +Ld-2) 
 and the longest waves for which  L >> Ld   (that is, (k2 + l2)1/2 Ld << 1) yield a remarkably simple 1st 
order pde:  

(14)    ητ − (β *Ld
2 )ηx = 0  

and              
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                    σ = -(β*Ld-2)k 

The general solution of this wave equation is westward propagation at speed β*Ld2 without change of 

shape: η is an arbitrary function of (x + β*Ld2 t).   
 
  
  ‘True’ Rossby waves on a spherical Earth.  The details of spherical geometry of the 
Earth are not entirely necessary to understand ‘true’ Rossby waves.  The essence is contained in our 
familiar expression for potential vorticity. The Rossby wave equation is an expression of the 
conservation of potential vorticity for small-amplitude, low-frequency motions.  Recall the full 

vorticity equation, with ω  = ł x u . 

                              
The local vertical component of this equation for a spherical fluid layer is 

    
where we have neglected two terms involving the horizontal component of the earth’s rotation 
vector, which are small when the aspect ratio H/L is small.  We also neglect stratification, based on 

our early argument that buoyancy twisting (łρ x łp) produces mostly horizontal vorticity (because 

both łρ and łp are nearly vertical).  

 The new term βv comes from the vertical component (that is, radial- component on the sphere) of   

u·ł(2ΩΩ) where  now  

                                          β =df/dy = 2ΩΩ/α cos φ.  

a is the Earth’s radius.  Under the geostrophic approximation, we neglect ζ compared with f on the 
righthand side and express the vertical stretching ( negative of the horizontal divergence) as H-1 

∂η/∂t.  In spherical coordinates the time-rate of change following the fluid is written (Gill p.431) 

   
cos

D u v
Dt t a aϕ λ ϕ

∂ ∂ ∂= + +
∂ ∂ ∂

 

    The β-plane approximates these spherical coordinates with a local tangent-plane approximation 

where dx = a cosφ dλ  and dy = a dφ  with errors of order L/a.  f ≡2ΩΩ sin φ is written approximately 
as  

   f = f0 + βy 
with f0 the mean value of f.  
   Finally, we have exactly equation (12),   

    
where β takes over the role of the bottom slope, β* = fα/H.  We could have found this equation 
simply by working with the familiar PV,     

     q = f +ζ
h

 

and allowing f to vary with latitude, but the above derivation reminds us of the approximations in 
neglecting stratification and the horizontal component of the Earth’s rotation vector.  All the 

D(
!ω + 2

!
Ω)

Dt
= ((
!ω + 2

!
Ω) i∇)!u

Dζ
Dt

+ βv = (ζ + f )∂w
∂z

(ηxx + ηyy )t − ( f0
2 / gH )ητ + βηx = 0
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discussion above about the dispersion relation and wave patterns applies here. Rossby waves were 
first identified in the oceans during the Mid-Ocean Dynamics Experiment, 1973, with neutrally 
buoyant, drifting floats of H.T. Rossby (Fig. 5.8).  It is appropriate that his innovative instruments 
were the first to identify the waves named after his father, C.G. Rossby.   
 

              
Fig. 5.8.  Space-time (‘Hovmoeller’) plot of  meridional velocity against longitude and time, from the MODE-
73 experiment in the western Atlantic near 30N.  Time progresses downward, and the phase of the 100km 
scale eddies moves westward at about  5 cm sec-1.  Rhines, The Sea, vol VI, 1977.  These currents well beneath 
the thermocline are consistent with nearly barotropic Rossby waves, although the strong currents suggest 
nonlinear waves. 
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     The general PV conservation equation, in present context, now applies to a thin layer of fluid in 
the spherical-shell ocean.  Here the thinness of the ocean relative to Earth’s radius picks 
out the local vertical component of  


Ω  for the vertical vorticity equation.  When 

density stratification is included,  its layered nature even more strongly selects the 
local vertical component of 2 


Ω  and vorticity, through the exact Ertel-Rossby 

potential vorticity, 

    qErtel-Rossby =  ρ-1(ω   + 2ΩΩ)·łσ 

where σ is potential density and  ω and 2ΩΩ  are vector relative- and planetary vorticity. Isopycnal 

surfaces, σ =  constant, are close to horizontal at large lateral scale, L, thus picking out the vertical 

vorticity balance.  The łσ term is proportional to 1/h, the thickness of an isopycnal layer, so this is a 

simple generalization of  q =(f + ζ) / h .  
 

   The β-plane has two forms: for the mid-latitude β-plane, f is taken to be constant except where 
differentiated, equal to f0 = 2Ω sin ϕ0, where ϕ0 is the central latitude of the region of interest. β is 
likewise taken to be constant, 2Ω cos ϕ0/a. Errors in making this approximation are typically of order 
L/a.  
    For the equatorial β-plane, our origin for y is the Equator itself, and we take 
   f ≅ βy = 2Ωy/a 
and β = 2Ω/a, again approximated as a constant.  Notice that now the vorticity equation has a non-

constant coefficient, (β2y2/gH) ηt .  This makes it a Schrödinger equation as found in quantum 
mechanics, which suggests a ‘potential well’ solution known as the parabolic oscillator.  Indeed, the 
Equator is a wave-guide,  where Rossby waves are guided along the equator (although they can also 
radiate in great-circle arcs to higher latitude).  The equatorial β-plane is a rather more accurate 
(O(L/a)2) approximation than the mid-latitude β-plane.   We should note that the equatorial region 
has a crucially important Kelvin-wave mode which is missed by this low-frequency analysis, yet can 
be recovered by going back to the equatorial version of the full equation (12); see Gill, §11.4 (p. 434).  
 
    Baroclinic Rossby waves with stratification. Although we have not introduced density 
stratification for Rossby waves, it fits the same pattern as with internal gravity waves:  the z-
derivative terms in the wave equation occur just as with internal waves.  For uniform stratification, N 
= const.,  the wave equation becomes 

                                           (p’xx  + p’yy  + (f2/N2)p’zz)t    + βp’x = 0  
  Separation of variables gives us an equation for the horizontal (x,y,t) dependence of the waves 
which is the same  equation as in the 1-layer case, except that Ld is now replaced by N/mf.  
  
    Mesoscale eddies, which dominate the low-frequency energy of the oceans, are essentially 
nonlinear baroclinic Rossby waves despite being very nonlinear: they are energetic eddies, in which 
the wave steepness U/c  can be as large as 10 more, where U is the horizontal velocity and c the 
westward propagation speed.  They are seen in satellite altimetry propagating westward with phase 
speed close to the theoretical prediction,  Fig. 5.9 below.  Taking a simple 2-layer stratification with a 
thin upper layer, the Rossby radius Ld ~ 50km, is comparable with the radius of the dominant ocean 
eddies. For L >> Ld, the Rossby wave equation becomes 

 (14)    ητ − (β *Ld
2 )ηx = 0  
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and              

        σ/k = -(β*Ld-2) 
giving non-dispersive westward propagation.   Individual eddies in Fig. 5.9 propagate thousands of 
km., identifiable in some cases for more than a year (Chelton et al. 2011), and with speeds very close 
to this theory. With Ld  so small in the oceans (typically 50 km, and less at high latitude), the waves 
are not far from the non-dispersive limit. That, and nonlinearity, seem to keep individual eddies 
from breaking into wave-trains as they march almost straight westward. The large amplitude of these 
wave/eddies means also that they carry cores of water (and PV) with them westward, as a novel form 
of wave-induced mean circulation. 

 
Figure 5.9.  Satellite altimeter observation of the sea-surface height field in the North Pacific,  
Kelly, Thompson GRL 03, also as time-longitude plots.  Note the well-defined westward 
propagation speeds, which increase with latitude.  Time progresses upward, and we are 
watching over 8 years.  These waves are slow!  Their westward propagation is very close to the 
theoretical speed σ/k = -βLd2  for non-dispersive (L > Ld) baroclinic Rossby waves in the 
upper ocean.  Here the thermocline, at 100m to 300m depth acts as a ‘free surface’ with a 
reduced gravity, so that Ld ≅ 50 km or so.  
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       Stationary Rossby waves on a mean zonal flow.  Just as we did with internal gravity waves, a 

uniform mean zonal flow can be added to the Rossby wave problem by including a term U∂ζ/∂x in 

the vorticity equation. This is a linear approximation to the advection of vertical vorticity, u·łζ.  The 
wave equation becomes 

             
where we neglect the free-surface stretching term for L << Ld.   Plane waves, 

η = Aexp(ikx + ily –iσt) have the dispersion relation 

      σ -  Uk = -βk/(k2 + l2) 

For stationary waves, σ = 0,  this is  

         Uk = βk/(k2 + l2) 

which has solutions   k = 0,  and  (k2 + l2) = β/U.   

 

             
 
Figure above: Diagram of possible wavenumbers (k, l) and corresponding physical space     (x, y) group 
velocities (vectors) excited by a compact disturbance in a westerly mean flow (Lighthill 1967). Thus, for 
example a point on the semicircular locus corresponds to a (k,l) vector to that point from the origin, and 
it generates waves with group velocity in (x, y) space shown by the vectors. This produces semicircular 
lee-wave crests.  Along the vertical k =0 axis (waves with east–west wave crests and zonal winds) group 
velocity is strong despite the vanishing intrinsic frequency. These group velocities are the horizontal 

vectors. Fourier components excited by the mountain with meridional wavenumber less than (β/U)1/2 
propagate upstream to the west, and form what we call the Lighthill upstream block, while shorter 
waves are swept downstream. 
 
     This is precisely the situation we found with stationary internal gravity waves (lee waves 
generated by flow over a mountain).   The possible wavenumbers for a given zonal flow U form 
circles in wavenumber space, centered on the origin.  The wave crests in physical space are again arcs 
of circles (this time in the (x,y) plane downstream of the mountain).  The k=0 root, as with gravity 

(
∂
∂t

+U ∂
∂x
)(ηxx +ηyy )+ βηx = 0
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waves represents blocking of the zonal flow upwind of the mountain: it utilizes a Rossby wave with 
wavecrests nearly east-west (k≈ 0). These are the only waves able to stem the zonal current and 
propagate upstream.   The waves have a definite cyclonic vorticity on the downwind side of the 
topography.  The low pressure in that cyclone expresses a wave drag on the topography (which slows 
down the westerly winds above). 
 
 

                       
The figure above, from McCartney, J. Fluid Mech. 1975, shows the pressure contours (approximately the 
streamlines) for eastward flow (left to right) past a circular-cylinder mountain. The lee cyclone and semi-
circular wave crests predicted by theory are clearly seen. High pressure upstream and low pressure 
downstream makes pressure drag on the mountain: and eastward force, with equal and opposite westward 
force on the fluid, tending to slow it down.  The group velocity theory does not give the detail near the 
mountain (it applies in the ‘far field) yet it does give much of the wave pattern (the figure here is a full 
analytical solution of the flow, however neglecting the blocking component seen in the GFD lab. The figure 
below shows the pressure field (hence approximate streamfunction) for this flow in cylindrical geometry where 
the North Pole is at the center, and an eastward (westerly) zonal flow is forced by altering the rotation rate 
slightly.  The blocking component has extreme influence on the flow, focusing it into jets upstream and 
downstream, which profoundly alter the McCartney solution shown above.  
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Figures above:  Altimetric image of standing Rossby waves in the lee of a spherical cap mountain 
located at 2 o’clock (GFD lab, UW).    A cyclonic (‘eastward’) solid-body flow is imposed by decreasing 
the rotation rate.  A train of stationary Rossby waves is seen downstream of the mountain. The winding 
action of topographic waves above the mountain creates a system of concentrated jets both upstream 
and downstream. Fluid is blocked by the mountain, and is nearly stagnant there. Crater-like convective 
cells due to surface evaporation form in this region, and convective rolls delineate regions of shear. (a), 
the surface elevation (or pressure) field; (b) Streak image of particle paths superimposed on the surface 
elevation field. 120 exposures, once per second. Strong flow is visible within the jets wrapped round the 
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mountain and extending upstream and downstream. The atmospheric ‘tip-jet’ at the southern end of 
Greenland is an example of such topographic concentration of flow. A movie is available with the online 
version of the paper, Rhines, Lindahl & Mendez, J.Fluid Mech. 2007.  
 
 
 
 
 
 

 
 

Figure above: Rossby waves in a nearly stationary fluid, with a polar β-plane created by the parabolic 

free surface of the rotating fluid (here ΩΩ is about 3 sec-1). The waves are created by vertical oscillation of 
the glass cylinder at lower left.  The wavenumber 5 propagates westward (clockwise) although these are 
short waves for which the group velocity is eastward, as can be seen by the decreasing amplitude in the 
counterclockwise direction. As in the ozone hole above Antarctica,  the restoring force  (PV ‘elasticity’) 
has prevented the red polar cap from being mixed away by the large amplitude waves.  The expected 
momentum flux, provided by the tilted wave crest pattern, drives a moderate westward (easterly) vortex 
at high latitude: a polar anticyclone.  
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Figure above: winter (JFM) mean dynamic height at 500 HPa in  1993, a year with very high North Atlantic Oscillation 
index:  strong Icelandic low pressure center, strong high latitude jet and strong Atlantic storm track.  Both the Rocky 
Mountains and the thermal forcing by the warm oceans influence this pattern, which has strong resemblance to a 
stationary Rossby wave.  It is baroclinic, however, with the strongest westerly winds in the upper troposphere and the 
‘back-tilted’ phase, where dynamic height and potential density waves shift west with increasing altitude.  For example 
the low pressure trough over Hudson’s Bay is located south and east of Greenland at the surface: it is the Icelandic Low. 
Baroclinic generation of KE can be modelled as interacting Rossby wave pairs at different altitude (Bretherton,  
QJRoyalMetSoc 1966, Methven, Hoskins et al. 2005..).  Below:  both 500 HPa and sea level pressure (blue=low SLP)  
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Summary of  Rossby wave properties.   
Rossby waves: 
•  are dispersive (the phase speed varies with wavelength and direction of propagtion), although 
waves longer than the Rossby Radius, Ld, are non-dispersive,  σ/k ≅ -βLd2. 
 
•  anisotropic (the phase speed and frequency vary with direction of propagation, even for a  fixed 
wavelength).  
 
•   have wavecrests moving westward, σ/k < 0.  This also describes the topographic waves calculate 
above, where the topography slopes upward to the north; adjust accordingly for other orientations of 
the slope, so that the wavecrests always move with  
shallower water to their right.  See Figs. 5.4, 5.5. 
 
•  energy propagation, with group velocity  

 
   
cg = ( ∂σ

∂k
, ∂σ
∂l

)  

can occur in any direction. The group velocity, 
  
cg , is the gradient of the surface σ(k,l), hence is 

perpendicular to the contours of constant frequency, pointing toward higher values of σ.  Yet wave 
packets propagating eastward are slower and shorter in wavelength than those propagating 
westward.  The energy density is thus concentrated near the wave source, to the east of it, and far 
from the wave source, to the west of In the oceans, kinetic energy accumulates at a western 
boundary.  

    For L<<Ld, the magnitude of cg is β/(k2 + l2), which is the same as the westward phase speed, σ/k.  
 
•  they are highly dispersive, yet in some limits become non-dispersive  
(l >> k; |k|Ld <<1), with energy and phase moving straight westward relative to the fluid. 
 
•  they are ‘vorticity waves’ which are nearly non-divergent (the horizontal divergence, ux+vy is small, 
O(Ro) compared with vorticity ζ = vx - uy). Movement of  fluid across contours of the mean 
‘environmental’ PV induces relative vorticity, which in turn disturbs nearby fluid, making more 
relative vorticity: orchestrated into a wave motion. 
 

•  they are nearly geostrophic, ζ <<  f. 
 
•  their frequency increases with wavelength (unlike gravity waves whose frequency is highest with 
short waves). 
 
•  The free surface elevation, η, is closely proportional to pressure, p’ (= ρgη), and to the stream-
function, ψ (= gη/f) for the horizontal velocity 
 
• the vertical vorticity, ζ = (g/f)∇2η 
 
• the horizontal velocity is related to the free surface slope according to (5.1),  

¤             2 2 2 2;y x x yf i f i
u g v g

f f
σ σ

σ σ
− η + η η + η

= =
− −

 

The high- and low-frequency limits of these expressions speak for themselves. 
•  the ratio of potential energy, ½ gη2 ,  to horizontal kinetic energy,  ½ ρ(u2 + v2), varies as (L/Ld)2, 
L being the horizontal length scale.  



 17 
•  The wave crests in the horizontal x,y plane are tilted with respect to the x-axis (see Figs. 5.4, 5.5) 
expressing a meridional flux of zonal momentum, Fmom (this is equal to the average correlation uv of 
the two velocity components):  just as in the tilted wave crests of internal gravity waves).  The elegant 
relationship between momentum flux and energy flux Fenergy given for internal gravity waves works 
here too:  
                                      Fenergy = Fmom C   

where C = σ/k is the westward phase speed. This Rossby wave momentum can drive acceleration of 
the zonal flow. 
 
•  In a stratified fluid, baroclinic Rossby waves occur by separation of variables of the 3-dimensional 
wave equation, just as in the study of internal gravity waves and their relationship with 1-layer 
gravity waves:  typically, a cos(mz)-dependence occurs, multiplying the usual horizontal propagating 

exp(ikx + ily – iσt).  As with internal gravity waves, propagation can occur in the 3 dimensions 

following the group velocity,  Cg ≡ (∂σ /∂k, ∂σ /∂l, ∂σ /∂m).  Such upward propagation is of great 
importance for the stationary waves in the westerly winds of the atmosphere. See Gill §12.7.  
 

•  Tilted phase lines of dynamic height, ρ (potential density) and v, in the vertical, zonal (x-z) plane, 
express interaction between baroclinic Rossby waves and the mean zonal flow (Gill §12.9, Fig. 12.13). 
It has some resemblance to the upward flux of horizontal momentum in simple internal gravity 
waves (expressed by their tilted wave crests and troughs).  Yet it relates in this case to poleward 
thermal energy flux and the release of potential energy, which amplifies the wave.   
    Most simply, the rotational constraint on symmetric overturning of the atmosphere (limiting the 
meridional extent of the Hadley cells)  also limits meridional heat transport.  The way Nature finds to 
get around this ‘figure-skater’ limitation (axisymmetric westerly winds being too strong for the 
available potential energy source) is with a baroclinic wave, in which poleward flow and equatorward 
flow can occur at the same altitude, ‘leaning’ on each other, with zonally averaged v-velocity small or 
zero.  Poleward flow of warm fluid occurs next to equatorward flow of cold fluid, cleverly solving the 
figure-skater paradox. With continuous stratification, this wave pattern in x and z has to have tilted 
phase lines as described above.  
 
•  Atmospheric Rossby waves must also include compressibility in the equations.  This is omitted 
here, yet it adds rather simple changes to the dispersion relation and vertical structure of the waves.  
See Gill §12.9.  The theory is important particularly in determining how stationary Rossby waves 
generated at the lower boundary propagate up to the stratosphere (or not).   Generation of these 
standing waves by mountains (Himalayan plateau, Rocky Mountains, Andes) and by ocean/land 
thermal contrast is very significant, for example in winter weather over N. America.  

•   As well as mid-latitude β- plane approximation to the full spherical Earth we have an equatorial β-
plane  which has Rossby wave modes as well as Kelvin waves. Together, these play a controlling role 
in el Niño/Southern Oscillation (ENSO) dynamics.  The “PNA” pattern is an arc-shaped Rossby 
wave-train propagating from the equatorial thermal forcing to high latitude; it can interact with the 
mean westerly winds on its way.  
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  Appendix  
   Rossby waves generated by an oscillating wave source at x=0, y=0. This solution is found 
by a change of dependent variable in the Rossby wave equation, and assuming waves with a 
single frequency,  σ : it is known as the Green function for Rossby waves.   If we say that the 
streamfunction is ψ(x,y,t) and define 
          ψ (x, y, t) = φ(x, y)exp(−iβx / 2σ − iσ t)   
then the vorticity equation for φ is 
 

   

∇2ψ t + βψ x = δ (x, y)

∇2φ + β 2

4σ 2 φ = δ (x, y)(−iσ )−1   

  δ (x, y)  is a delta-function, defined as a tall Gaussian bell curve in the limit of zero width, 
infinite height such that its volume integrates to 1.  It represents a wind-stress curl concentrated 
at the origin which, for example, might be an azimuthal (round-and-round) windstress, a 
circular ‘storm’, which dies off as 1/r. If (r, θ) are polar coordinates, this is a classic Helmholtz 
p.d.e. with solutions which are Bessel functions.  Bessel functions are the sines, cosines, 
exponentials of cylindrical geometry: for example, the surface gravity waves in a coffee mug.  
We want to choose one of these that represents an outward propagating wave (energetically 
speaking).  This turns out to be  

                             
φ = H0

(2)(Ar)
≡ J0 (Ar)−ιΥ0 (Ar) A = β / 2σ      

where J and Y Bessel functions act like cosine and sine, and H0
(2) acts like a propagating 

exponential wave in r.  In fact at large distance from the origin the asymptotic forms of the 
Bessel functions for large argument (large Ar) give the far-field solution 
 

  ψ = (iσ )−1( π
2Ar

)1/2e−iA(x+r )−iσ t−iπ /4 (Ar >> 1; x2 + y2 = r2 )   

which has parabolic wave crests (x + r = constant is a parabola symmetric about the x-axis).  
Matlab knows about Bessel functions and you can plot this Green function (not just the ‘large 
distance’ approximation) with the following commands: 
 
  [x y]=meshgrid(-100:100,-100:100);  R=sqrt(x.*x+y.*y);  A=1; B=1; 
  psi=exp(-1i*A*x).*besselh(0,2,B*R);  
  surf(real(psi)); shading interp 
     % for barotropic Rossby waves with scale small compared to Rossby Radius λ=(gH)1/2/f, A=B=β/2σ. 
     % generalize for finite Rossby radius where A=β/2σ, B=(β2/4σ2 - 1/λ2)1/2 and inspect the wave equation 
     %  to see how this works. The low-frequency limit always results in the pattern shown here, with a long 
     % wave propagating west and a much shorter wave propagating more slowly east (which will be more 
     % readily dissipated by friction). 
 

If you include time variation exp(-iσt)  this still image can be turned into a movie showing the westward 
propagation of the waves.  


