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Note on problems 2.7, 2.8  (problem set 2).!!
Here we want to solve a geostrophic adjustment problem similar to that in Gill’s Chap. 7 but 
actually simpler and more useful.  The one-layer fluid with a free surface has linearized 
momentum and mass conservation equations as seen in the text and lectures.  When combined 
into a single equation for the surface elevation, η(x,t), that resembles the wave equation for 
long, hydrostatic gravity waves but with Coriolis effects included:!
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where the subscript ‘0’ indicates initial values at time t=0. Q is the PV (in its linearized form).  
Conservation of potential vorticity allows us to make the 2d and 3d steps, connecting the 
evolving flow and waves with initial conditions.   Problem 2.7 has u= 0, v=0  @ time t=0 so ζ0 = 
0.   The equation becomes!
!   ! ! � !
Finding a solution with the choice η0 = A sin k0x    @ t=0  leads to a particular solution ηp(x) that 
is steady (no time variation) because the righthand side is steady.  So, drop the ηtt term and 
solve for ηp(x).    This is in a sense the most important result, already. It tells you how strong the 
geostrophically balanced flow is, as  a function of parameters f, k0, g, H. The x-momentum eqn.  
for steady flow (geostrophic balance) tells you the v-velocity for the particular solutiion: the 
mean flow.   The initial PE at t=0 goes into the PE+KE of the particular solution, plus the time-
dependent homogeneous solution.   The ratio of PE/KE in the steady particular solution is of 
great interest.!
     To find the complete solution satisfying initial conditions, invent a time-dependent wave for 
the homogeneous solution ηh(t) with the same kind of x-dependence as ηp . Various choices for 
the time-varying part of are possible as in any wave problem…B sin(kx-σt), C cos(kx -  σt) , E 
sin(kx)cos(σt),  F sin(kx)sin(σt),  etc.,  or combinations of these.  As it happens the symmetry of 
the problem suggests the choice of a standing wave rather than a traveling wave; either works if 
we remember that two traveling waves can combine to make a standing wave in x.  !
   Following this pattern solve!
! ! ηh(x,t) + ηp(x)  = Asin k0x  @ t=0.!
       What about the velocity field?  It has to vanish at t=0 too. But as it happens, that is 
automatically taken care of if you get the solution for η.  Τhis can be shown by using the 
momentum equations to find the velocity from your η solution.  !
        The energy in the oscillating wave field equals the difference between the initial energy (all 
PE no KE) and the particular solution’s  PE+KE.   !!
Problem 2.8 is similar, yet simple to combine the two ‘Gill solutions’ for the steady, geostrophic 
soultion, say η1(x)   and η2(x)  to find the adjustment of a ‘square wave’  initial condition.  
However  solving for the PE and KE for the mean geostrophic flow is a chore, since you have 
the square of two terms (the two contributions to η) which leads to integrating several 
exponentials with respect to x and adding them up.  For example η2  = (η12 + η22  + 2η1 η2)!
However, the x-integral of the first two terms is the same as in Gill’s problem, eqn 7.2.25 p.195 
so all you need to do is integrate the 3d term in the three regions of the problem.  Still a bit 
tedious. 

ηtt − gHηxx = − fHζ
= f 2 (η0 −η)− fHζ 0

ηtt − gHηxx + f 2η = f 2η0 − fHζ 0 = − fH 2Q0

ηtt − gHηxx + f 2η = f 2η0


